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1 Intr oduction

We describesomefinite differenceoperatorsandboundaryconditionsfor usewith theOverturegrid functions.Thederivative
operatorsallow oneto take first andsecondorderderivatives(

���
,
���

,
���

,
�����

,
�����

etc.) with secondorder, fourth orderor
spectralaccuracy. (Spectralaccuracy is for rectangularperiodicdomainsonly). Thederivative operatorscanalsobeusedto
generatethematrix (9 point stencil,for example)correspondingto a derivative operator. These“coefficient” operatorscanbe
usedto generateasparsematrix.

The boundarycondition operatorsdefinea “library” of elementaryboundarycondition operationsthat can be usedto
implementapplicationspecificboundaryconditions.Examplesof elementaryboundaryconditionsincludeDirichlet, Neumann
andmixed conditions,extrapolation,settingthe normalcomponentof a vectorandso on. A solver canapply oneor more
elementaryboundaryconditionsto thedifferentsidesof agrid.

TheclassMappedGridOperators definesoperatorsfor differentiatingMappedGridFunction’sandoperatorsfor apply-
ing boundaryconditionsto MappedGridFunction’s.

TheclassesGridCollectionOperators , CompositeGridOperators andMultigridCompositeGridOperators
usetheoperatorsin theclassMappedGridOperators (or a classderivedthere-of)to definedifferentialandboundarycon-
dition operatorsfor GridCollection ’s,CompositeGrid ’s andMultigridCompositeGrid ’s.

The MappedGridOperators classcan be usedto computespatialderivatives of a realMappedGridFunction
includingall first andsecondorderderivativeswith respectto � , � and 	 .

Thisclasscanalsobeusedto defineboundaryconditionsandto evaluatetheboundaryconditions.
Theremay be oneor more“flavour” of this class. Oneflavour will definederivatives in the “standard”finite difference

mannerusingthe“mappingmethod”.Anotherflavourwill definederivativesusingafinite volumeapproach.Yetotherflavours
canbedefined(by derivationfrom thisclass).

The grid function classesrealMappedGridFunction and realCompositeGridFunction have memberfunc-
tions for differentiationand applying boundaryconditions. A MappedGridFunction hasa pointer to an object of the
MappedGridOperators class.It usesthis objectto performthedifferentiationor to applyboundaryconditions.To usea
different“flavour” of differentiationonemusttell thegrid functionusingthesetMappedGridOperators memberfunc-
tion. Similarly aGridCollectionFunction hasapointerto aGridCollectionOperators andaCGFhasapointer
to aCompositeGridOperators .

Documentationcanbe foundon theOverturehomepage,http://www.llnl.gov/casc/Overture , andincludes
thefollowing documentsthatmaybeof interest


 A++ QuickReferenceCard: A++P++/DOCS/Quick Reference Card.tex


 A primerfor Overture[9].


 Grid andgrid functiondocumentation[3].


 Finitedifferenceoperatorsandboundaryconditions[2].


 Finitevolumeoperators[1].


 Mappingclassdocumentation[4].


 Show file documentation[7].


 Interactiveplotting[8].


 Oges“EquationSolver” documentation[6].


 Interactivegrid generationdocumentation[5].


 Theotherstuff documentation[10].


 TheOverBlown Navier-Stokesflow solver [12][11].

1.1 Differ entiation

Thereareanumberof differentwaysto evaluatederivativesof agrid function.


 Usethememberfunctionfoundin theMappedGridOperators object.


 Usethememberfunctionfoundin therealMappedGridFunction

4




 Usethememberfunctionfoundin therealCompositeGridFunction


 UsethememberfunctiongetDerivatives foundin theMappedGridOperators classto evaluateasetof deriva-
tivesall at once.This is themostefficientmethod.

Currentlythemostnaturalway is not themostefficient becauseit involvesextra computationandextra datamovement.All of
theseapproachesareillustratedin theexamplesthatfollow.
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2 ClassMappedGridOperators

2.1 Public member function and memberdata descriptions

2.1.1 Public enumerators

Herearethepublicenumerators:

derivativeTypes: Thisenumeratorcontainsa list of all thederivativesthatweknow how to evaluate

enum derivativeTypes
{

xDerivative,
yDerivative,
zDerivative,
xxDerivative,
xyDerivative,
xzDerivative,
yxDerivative,
yyDerivative,
yzDerivative,
zxDerivative,
zyDerivative,
zzDerivative,
laplacianOperator,
r1Derivative,
r2Derivative,
r3Derivative,
r1r1Derivative,
r1r2Derivative,
r1r3Derivative,
r2r2Derivative,
r2r3Derivative,
r3r3Derivative,
gradient,
divergence,
divergenceScalarGradient,
scalarGradient,
identityOperator,
vorticityOperator,
xDerivativeScalarXDerivative,
xDerivativeScalarYDerivative,
yDerivativeScalarYDerivative,
yDerivativeScalarZDerivative,
zDerivativeScalarZDerivative,
divVectorScalarDerivative,
numberOfDifferentDerivatives // counts number of entries in this list

};

BCNames: This enum(which for technicalreasonsis in the BCTypesClass,NOT the MappedGridOperators)definesthe
differenttypesof elementaryboundaryconditionsthathave beenimplemented:

enum BCNames
{

dirichlet,
neumann,
extrapolate,
normalComponent,
mixed,
generalMixedDerivative,
normalDerivativeOfNormalComponent,
normalDerivativeOfADotU,
aDotU,
aDotGradU,
evenSymmetry,
vectorSymmetry,
TangentialComponent0,
TangentialComponent1,
normalDerivativeOfTangentialComponent0,
normalDerivativeOfTangentialComponent1,
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numberOfDifferentBoundaryConditionTypes // counts number of entries in this list
};

2.1.2 Constructors

MappedGridOperators()

MappedGridOperators( MappedGrid & mg )

Description: ConstructaMappedGridOperators

mg (input): Associatethisgrid with theoperators.

Author: WDH

2.1.3 Derivativesx,y,z,xx,xy,xz,yy,yz,zz,laplacian,grad,div

MappedGridFunction
”deri vative”(const realMappedGridFunction & u,

constIndex & I0 =nullIndex ,
constIndex & I1 =nullIndex ,
constIndex & I2 =nullIndex ,
constIndex & I3 =nullIndex ,
constIndex & I4 =nullIndex ,
constIndex & I5 =nullIndex ,
constIndex & I6 =nullIndex ,
constIndex & I7 =nullIndex
)

Description: ”derivative” equalsoneof x, y, z, xx, xy, xz, yy, yz, zz, laplacian,grad,div.

u (input): Take thederivative of this grid function.

I0,I1,I3 (input): evaluatethederivativesat thesepoints.

I4 (input) : evaluatethederivative for thesecomponents,by default all components.

Return value: Thederivative is returnedasa new grid function.For all derivativesbut grad anddiv thenumberof compo-
nentsin theresultis equalto thenumberof componentsspecifiedby I4 (if I4 not specifiedthentheresultwill have the
samenumberof componentsasu). Thegrad operatorwill have numberof componentsequalto thenumberof space
dimensionswhile thediv operatorwill have only onecomponent.

2.1.4 Derivative Coefficients

MappedGridFunction
”deri vativeCoefficients”(constIndex & I0 =nullIndex ,

constIndex & I1 =nullIndex ,
constIndex & I2 =nullIndex ,
constIndex & I3 =nullIndex ,
constIndex & I4 =nullIndex ,
constIndex & I5 =nullIndex ,
constIndex & I6 =nullIndex ,
constIndex & I7 =nullIndex
)

Description: ”derivativeCoefficients”equalsoneof xCoefficients,yCoefficients,zCoefficients,xxCoefficients,xyCoefficients,
xzCoefficients,yyCoefficients,yzCoefficients,zzCoefficients, laplacianCoefficients,gradCoefficients,divCoefficients,
identityCoefficients.Computethecoefficientsof thespecifiedderivative.

I0,I1,... (input): determinethecoefficientsat thesepoints.

return Value: Thederivative coefficients.
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2.1.5 get

int
get(� constGenericDataBase& dir, constaString & name)

Description: Getfrom adatabasefile

dir (input): getfrom thisdirectoryof thedatabase.

name(input): thenameof thegrid functionon thedatabase.

2.1.6 getFourierOperators

FourierOperators*
getFourierOperators(constbool abortIfNull =TRUE) const

Description: Returna pointerto theFourieroperatorsusedby this classto performpseudo-spectralderivatives.NOTE: This
pointerwill notbeassigneduntil thefirst derivative operationis applied.

abortIfNull (input) : by default this routinewill abortif thepointeris null

2.1.7 put

int
put( GenericDataBase& dir, constaString & name)const

Description: outputontoadatabasefile

dir (input): putontothisdirectoryof thedatabase.

name(input): thenameof thegrid functionon thedatabase.

2.1.8 setOrderOfAccuracy

void
setOrderOfAccuracy( constint & orderOfAccuracy0 )

Description: settheorderof accuracy

orderOfAccuracy0 (input): valid valuesare2 or 4 or MappedGridOperators::spectral.Choosingspectralmeansthatderiva-
tivesarecomputedwith thepseudo-spectralmethod.This is only valid for rectangularperiodicgrids.

2.1.9 setStencilSize

void
setStencilSize(constint stencilSize0)

Description: Indicatethestencilsizefor functionsreturningcoefficients

2.1.10 setTwilightZoneFlow

void
setTwilightZoneFlow( constint & twilightZoneFlow0 )

Description: Indicateif twilight-zoneforcingshouldbeaddedto boundaryconditions

twilightZoneFlow0 (input): if TRUE thenaddthetwilight-zoneforcing (seealsosetTwilightZoneFlowFunctionandthesec-
tion onboundaryconditions)

2.1.11 isRectangular

bool
isRectangular()

Description: Returntrueif thegrid is rectangular
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2.1.12 updateToMatchGrid

void
updateT� oMatchGrid( MappedGrid & mg )

Description: associateanew MappedGridwith this object

mg (input): usethisMappedGrid.

Notes: performcomputationsherethatonly dependon thegrid

2.1.13 sizeOf

real
sizeOf(FILE *file = NULL) const

Description: Returnsizeof thisobject

2.1.14 setTwilightZoneFlow

void
setTwilightZoneFlow( constint & twilightZoneFlow )

Description: Indicateif twilight-zoneforcingshouldbeaddedto boundaryconditions

twilightZoneFlow (input): if 1 thenaddthe twilight-zoneforcing to all boundaryconditionsexceptfor extrapolation. If 2
thenalsoaddto extrapolation.(seealsosetTwilightZoneFlowFunctionandthesectiononboundaryconditions)

2.1.15 setTwilightZoneFlowFunction

void
setTwilightZoneFlowFunction( OGFunction & twilightZoneFlowFunction0 )

Description: Supplya twilight-zoneforcing to usefor boundaryconditions

twilightZoneFlowFunction0 (input): usethis classfor twilight-zoneforcing (seealsosetTwilightZoneFlow andthesection
onboundaryconditions)

2.1.16 useConservativeApproximations

void
useConservativeApproximations(booltrueOrFalse= TRUE)

Description: Indicatewhetherto usetheconservativeapproximationsto theoperatorsdiv , laplacian , divScalarGrad
andscalarGrad andcorrespodingboundaryconditions

trueOrFalse(input): TRUE meansuseconservative approximations.

2.1.17 usingConservativeApproximations

bool
usingConservativeApproximations() const

Description: ReturnTRUE if weareusingconservative approximations.
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2.1.18 setAveragingType

void
setA� veragingType(constAveragingType & type )

Description: Settheaveragingtypefor certainoperatorssuchasdivScalarGrad . Thedefault is arithmeticAverage .
TheharmonicAverage is oftenusedfor problemswith discontinuoscoefficients.Recallthat

arithmeticaverage 
 ������
harmonicaverage 


��� � �� 

� ���
�����

type (input) : oneof arithmeticAverage or harmonicAverage .

2.1.19 getAveragingType

AveragingType
getAveragingType() const

Description: Returnthecurrentaveragingtype.

2.1.20 isRectangular

bool
isRectangular()

Description: Returntrueif thegrid is rectangular

2.1.21 finishBoundaryConditions

void
finishBoundaryConditions(realMappedGridFunction & u,
constBoundaryConditionParameters& bcParameters= Overtur e::defaultBoundaryConditionParameters(),

constRange& C0 =nullRange)

Description: Call this routinewhenall boundaryconditionshave beenapplied.This functionwill updateperiodicedgesand
fix up thesolutionvaluesin theghostpointsoutsidecornerswhich arenot assignedby applyBoundaryCondition
(i.e. theghostpointsthat lie outsidethecornersin 2D or theghostpointsthat lie outsidetheedgesandtheverticesin
3D).Thisroutinewil alsofill in extrapolationequationsatghostpointsthatcorrespondto interpolationpointsonphysical
boundaries.

Moreprecisely,

1. First call u.periodicUpdate() to assignvaluesto side=1 boundarylines������� � 
"!$#&% #$' ��(*),+�($-$.$/�0$+ # -214351�6�740�.*�$8$390$.*��8 
;: 7=<�7 %>% 7 !$#?% +�@ !$A - '$B$C�D � ! -$+*8$��E$+*8
(mgis theMappedGrid associatedwith thegrid functionu) aswell asall ghostlinesonall sidesthathaveperiodic
boundaryconditions.

2. Extrapolatecornerghostpointswhicharenotassignedbystep1usingextrapolationtoorderbcParameters.orderOfExtrapolation
(orderOfAccuray+1)
 In 2D extrapolatethecornerghostpointsalongthediagonal.For example,if

A*F�G 0 ' 0 ! -$H�- ' 8 % E ' ($- '�B$C$I .$H ' 0�J$E$K�0$H*�,E�+ 
�L 1M($- C 0$@�K$H C E '$N +�($E ' ($- ' 0 F$F @ ' 0 F,O 3
thenthevalueat thelower left cornerghostpoint1QP � 7 PSR�3 
 1 !$#&% �,+�($-$.�/$0$+ # -214351MT$H�0 ' H?740$.*��8$6U3WVX<�7 !�#&% ��+$($-�.$/$0$+ # -214341YT�H$0 ' H&740$.W�$8 N 3*VZ<�3
will begivenby

[ 1QP � 7 P R 3 
;\ [ 1]P � � <^7 P R � <�3*V \ [ 1QP � � � 7SP R � � 3 �_[ 1]P � � \ 7SP R � \ 3
If therearetwo ghostlinesthenalsoassignpoints

1]P � VZ<�7SPSR�3
,
1]P � 7SP R`VZ<�3

,
1]P � VX<�7SPSRaVX<�3

. And soon, if there
aremorethan2 ghostlines.
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 In 3D extrapolatetheghostpointsnext to edgesandtheghostpointsnext to vertices.Obtainvaluesby extrap-
olatinginto theinteriorasmuchaspossible.

3. extrapolateghostpointsthatliesoutsideof interpolationpointsonthephysicalboundary, mg.boundaryCondition(side,aixs)¿0.

Forevenmoredetailsyoucanlookatthecodein Overture/GridFunction/GenericMappedGridOperators.C

Note: Whenappliedto a coefficient matrix the above operationswill generatenew equationsin the coefficient matrix
ratherthanbeapplieddirectly to thegrid function.

u (input/output): Grid functionto whichboundaryconditionswereapplied.

bcParameters(input): SupplyparameterssuchasbcParameters.orderOfExtrapolationwhich indicatestheorderof extrapola-
tion to use.

C0 (input) : applyto thesecomponents

2.1.22 divScalarGrad

realMappedGridFunction
divScalarGrad( constrealMappedGridFunction & u,

constrealMappedGridFunction & scalar,
constIndex & I1 ,
constIndex & I2 ,
constIndex & I3 ,
constIndex & I4 ,
constIndex & I5 ,
constIndex & I6 ,
constIndex & I7 ,
constIndex & I8 )

Description: Evaluatethederivative bdc 1Ye4f,g�hQg�i bkj 3
.

u (input):

scalar (input) : Thecoefficientappearingin thederivative expression.

Author: WDH

2.1.23 scalarGrad

realMappedGridFunction
scalarGrad( constrealMappedGridFunction & u,

constrealMappedGridFunction & scalar,
constIndex & I1 ,
constIndex & I2 ,
constIndex & I3 ,
constIndex & I4 ,
constIndex & I5 ,
constIndex & I6 ,
constIndex & I7 ,
constIndex & I8 )

Description: Evaluatethederivative
e4f�g�h>g�i bkj .

u (input):

scalar (input) : Thecoefficientappearingin thederivative expression.

Author: WDH
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2.1.24 derivativeScalarDerivative

realMappedGridFunction
deril vativeScalarDerivative( constrealMappedGridFunction & u,

constrealMappedGridFunction & scalar,
constint & dir ection1,
constint & dir ection2,
constIndex & I1 ,
constIndex & I2 ,
constIndex & I3 ,
constIndex & I4 ,
constIndex & I5 ,
constIndex & I6 ,
constIndex & I7 ,
constIndex & I8 )

Description: Evaluatethederivative �
� �2m,n oYpSq�rYn s�t � 1Ye4f,g�hQg�i �

�$u m,n oYpSq�rYn s�t R j 3

u (input):

scalar (input) : Thecoefficientappearingin thederivative expression.

dir ection1,direction2(input) : specifythederivativesto use.

2.1.25 divVectorScalar

realMappedGridFunction
divVectorScalar(constrealMappedGridFunction & u,

constrealMappedGridFunction & s,
constIndex & I1,
constIndex & I2,
constIndex & I3,
constIndex & I4,
constIndex & I5,
constIndex & I6,
constIndex & I7,
constIndex & I8)

Description: Evaluatethedivergenceof aknown vectortimesthedependentvariable[ :

bdc 1wv [ 3
u (input):

s (input) : Thecoefficientappearingin thederivativeexpression,numberof componentsequalto thenumberof spacedimen-
sions.

2.1.26 setNumberOfDerivativesToEvaluate

void
setNumberOfDerivativesToEvaluate( constint & numberOfDerivatives)

Description: Specifyhow many derivativesareto beevaluated

numberOfDerivatives(input): Indicatehow many derivativesthatyouwantto evaluatein thecall to getDerivatives .

Author: WDH
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2.1.27 setDerivativeType

void
setDeri� vativeType(constint & index, constderivativeTypes& derivativeType0,RealDistributedArray & ux1x2 )

Description: Specifywhichderivative to evaluateandprovideanarrayto save theresultsin.

index (input): Specifythis derivative. :yx P�z|{$} ��~ +$@ !$A - '$B$C$D - ' ���$0$H*���$-*8
wherenumberOfDerivatives wasspeci-

fiedwith setNumberOfDerivativesToEvaluate .

derivativeType0(input): indicateswhichderivative to evaluate,from theenumderivativeTypes .

ux1x2 (input): Hereis thearraythatthefunctiongetDerivatives will save thederivative in. Thisclasskeepsareference
to thearrayux1x1 . Thisarraywill beautomaticallybemadelargeenoughto hold theresult.

Author: WDH

2.1.28 getDerivatives

void
getDerivatives(constrealMappedGridFunction & u,

constIndex & I1 =nullIndex,
constIndex & I2 =nullIndex,
constIndex & I3 =nullIndex,
constIndex & N =nullIndex,
constIndex & Evaluate=nullIndex)

Description: This is anefficientway to computederivatives.Computethederivativesof u thatwerespecifiedwith setNum-
berOfDerivativesToEvaluate andsetDerivativeType .

u (input): Computethederivativesof thisgrid function.

I1,I2,I3 (input): evaluatethederivativesat thesecoordinateIndex values(by default evaluateatasmany pointsasis possible;
for second-orderdiscretizationall pointsbut the last ghostline areevaluated,for fourth orderall pointsbut the 2 last
ghostlinesareevaluated).

N (input): Evaluatethederivativesof thesecomponentsof u (by default all componentsareevaluated).

Evaluate (input): evaluatethis subsetof the derivatives. The derivatives to be evaluatedare numberedfrom 0,1,2,... For
example,supposeyouusedsetDerivativeTypeto specify:

setDerivativeType(0,MappedGridOperators::xDerivative,ux);
setDerivativeType(1,MappedGridOperators::yDerivative,uy);
setDerivativeType(2,MappedGridOperators::xxDerivative,uxx);
setDerivativeType(3,MappedGridOperators::yyDerivative,uyy);

If you only wantto evaluatethesecondderivativesyou canchooseEvaluate=Index(2,2) to only evaluatederiva-
tives2 and3.

Notes: This is anefficient way to computemany derivativesbecausecomputationscanbesharedThis routinefirst computes
u.r, u.s,[u.t] for efficiency

**WARNING** on eachcall to getDerivatives, the arraysusedto hold the resultswill be redimensionedif the new
resultsdo not fit into theexisting array(not just thesizebut the (base,bound)valuesfor eachdimension).Thusif you
call getDerivatives in consecutive statementswith differentvaluesfor N andEvaluate,thenthe resultsfrom the
first call maybedestroyedif thearrayswerenot big enough.You caneitherexplicitly dimensionthearraysto belarge
enoughor elseinitially call getDerivativeswith thedefault valuesfor N andEvaluatesothearraysaredimensionedto be
full size.
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2.1.29 divScalarGradCoefficients

realMappedGridFunction
divScalarGradCoefficients(const� realMappedGridFunction & scalar,

constIndex & I1 = nullIndex,
constIndex & I2 = nullIndex,
constIndex & I3 = nullIndex,
constIndex & I4 = nullIndex,
constIndex & I5 = nullIndex,
constIndex & I6 = nullIndex,
constIndex & I7 = nullIndex,
constIndex & I8 = nullIndex)

Description: Form thecoefficient matrix for theoperatorbdc 1�e�f,g�h>g�i b 3
.

scalar (input) : coefficient thatappearsin theoperator.

Author: WDH

2.1.30 derivativeScalarDerivativeCoefficients

realMappedGridFunction
derivativeScalarDerivativeCoefficients(constrealMappedGridFunction & scalar,

constint & dir ection1,
constint & dir ection2,
constIndex & I1 = nullIndex,
constIndex & I2 = nullIndex,
constIndex & I3 = nullIndex,
constIndex & I4 = nullIndex,
constIndex & I5 = nullIndex,
constIndex & I6 = nullIndex,
constIndex & I7 = nullIndex,
constIndex & I8 = nullIndex)

Description: Form thecoefficient matrix for theoperator�
� �2m,n oYpSq�rYn s�t � 1Ye4f,g�hQg�i �

�$u m,n oYpSq�rYn s�t R j 3

scalar (input) : coefficient thatappearsin theoperator.

dir ection1,direction2(input) : specifythederivativesto use.

2.1.31 scalarGradCoefficients

realMappedGridFunction
scalarGradCoefficients(constrealMappedGridFunction & scalar,

constIndex & I1 = nullIndex,
constIndex & I2 = nullIndex,
constIndex & I3 = nullIndex,
constIndex & I4 = nullIndex,
constIndex & I5 = nullIndex,
constIndex & I6 = nullIndex,
constIndex & I7 = nullIndex,
constIndex & I8 = nullIndex)

Description: Form thecoefficient matrix for theoperator
e4f,g�hQg�i b .

scalar (input) : coefficient thatappearsin theoperator.

Author: WDH
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2.1.32 divVectorScalarCoefficients

realMappedGridFunction
divV� ectorScalarCoefficients(constrealMappedGridFunction & s,

constIndex & I1 = nullIndex,
constIndex & I2 = nullIndex,
constIndex & I3 = nullIndex,
constIndex & I4 = nullIndex,
constIndex & I5 = nullIndex,
constIndex & I6 = nullIndex,
constIndex & I7 = nullIndex,
constIndex & I8 = nullIndex)

Description: Form thecoefficient matrix for theoperatorbdc 1wv�3
.

s (input) : Thecoefficientappearingin thederivativeexpression,numberof componentsequalto thenumberof spacedimen-
sions.

2.1.33 applyBoundaryCondition

void
applyBoundaryCondition(realMappedGridFunction & u,

constIndex & Components,
constBCTypes::BCNames& bcType = BCTypes::dirichlet,
constint & bc = BCTypes::allBoundaries,
constreal& forcing =0.,
constreal& time =0.,
constBoundaryConditionParameters&

bcParameters= Overtur e::defaultBoundaryConditionParameters(),
constint & grid =0)

void
applyBoundaryCondition(realMappedGridFunction & u,

constIndex & Components,
constBCTypes::BCNames& bcType,
constint & bc,
constRealArray & forcing,
constreal& time =0.,
constBoundaryConditionParameters&

bcParameters= Overtur e::defaultBoundaryConditionParameters(),
constint & grid =0)

void
applyBoundaryCondition(realMappedGridFunction & u,

constIndex & Components,
constBCTypes::BCNames& bcType,
constint & bc,
constRealArray & forcing,
realArray *f orcinga[2][3],
constreal& time =0.,
constBoundaryConditionParameters&

bcParameters= Overtur e::defaultBoundaryConditionParameters(),
constint & grid =0)

Description: If forcinga[side][axis]!=NULL thenusethisarray, otherwiseuseforcing.

void
applyBoundaryCondition(realMappedGridFunction & u,

constIndex & Components,

15



constBCTypes::BCNames& bcType,
constint & bc,
constRealArray & forcing,
constreal& time =0.,
constBoundaryConditionParameters&

bcParameters= Overtur e::defaultBoundaryConditionParameters(),
constint & grid =0)

void
applyBoundaryCondition(realMappedGridFunction & u,

constIndex & Components,
constBCTypes::BCNames& bcType,
constint & bc,
constRealDistributedArray & forcing,
constreal& time =0.,
constBoundaryConditionParameters&

bcParameters= Overtur e::defaultBoundaryConditionParameters(),
constint & grid =0)

Description: Thisversiontakesadistributedarrayasforcing (only usedin parallel).

void
applyBoundaryCondition(realMappedGridFunction & u,

constIndex & Components,
constBCTypes::BCNames& bcType,
constint & bc,
constrealMappedGridFunction & forcing,
constreal& time =0.,
constBoundaryConditionParameters&

bcParameters= Overtur e::defaultBoundaryConditionParameters(),
constint & grid =0)

Description: Apply aboundaryconditionto agrid function.Thisroutineimplementseveryboundaryconditionknown to man
(ha!)

u (input/output): applyboundaryconditionsto thisgrid function.

Components(input): applyto thesecomponents

bcType (input): thenameof theboundaryconditionto apply(dirichlet,neumann,...)

bc (input): apply the boundaryconditionon all sidesof the grid wherethe boundaryConditionarray (in the MappedGrid)
is equalto this value. By default bc=BCTypes allBoundaries apply to all boundaries(with a positive valuefor
boundaryCondition).To applyaboundaryconditionto aspecifiedsideuse


 bc=BCTypes::boundary1 for
1 �4P�{$}=7 � � P���3 
 1 : 7 : 3


 bc=BCTypes::boundary2 for
1 �4P�{$}=7 � � P���3 
 15<�7 : 3


 bc=BCTypes::boundary3 for
1 �4P�{$}=7 � � P���3 
 1 : 7=<�3


 bc=BCTypes::boundary4 for
1 �4P�{$}=7 � � P���3 
 15<�7=<�3


 bc=BCTypes::boundary5 for
1 �4P�{$}=7 � � P���3 
 1 : 7 � 3


 bc=BCTypes::boundary6 for
1 �4P�{$}=7 � � P���3 
 15<�7 � 3

or usebc=BCTypes::boundary1+side+2*axis for given valuesof
1 �4P�{$}=7 � � P���3

(this could be usedin a loop,
for example).

forcing (input): Thisvalueis usedasa forcing for theboundarycondition,if needed.

time (input): applyboundaryconditionsat this time (usedby twilightZoneFlow)

bcParameters(input): optionalparametersarepassedusingthis object. Seethe examplesfor how to passparameterswith
thisargument.

Limitations: only secondorderaccurate.
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2.1.34 applyBoundaryConditionCoefficients

void
applyBoundaryConditionCoefficients(realMappedGridFunction & uCoeff,

constIndex & E,
constIndex & C,
constBCTypes::BCNames&
bcType = BCTypes::dirichlet,
constint & bc = allBoundaries,
constBoundaryConditionParameters&

bcParams= Overtur e::defaultBoundaryConditionParameters(),
constint & grid =0)

Description: Fill in thecoefficientsof theboundaryconditions.

uCoeff (input/output): grid functionto hold thecoefficientsof theBC.

E (input): applyto theseequations(for asystemof equations)

C (input): applyto thesecomponents

t (input): applyboundaryconditionsat this time.

Notes: If you supplyRangeobjectsfor E andC thentheboundaryconditionsarefilled in for all equationsandcomponents
indicatedby theRangesandNOT just the”diagonal” entries(asmight befirst expected).Thusnormallyyou will want
to specifyE andC to justbeint’s.

Limitations: toomany to write down.
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2.2 Example1: Differ entiation of a realMappedGridFunction

In this first examplewe show to evaluatederivativesof a MappedGridFunctionina few differentways. The recommended
efficientmethodof evaluationis demonstratedneartheendof theexamplecode.(file Overture/examples/tmgo.C )

1 #include "Overture.h"
2 #include "MappedGridOperators.h"
3 #include "Square.h"
4 //================================================================= ============= ==
5 // Examples showing how to differentiate realMappedGridFunctions
6 // o evaluate using the x,y,... member functions
7 // o evaluate in an effficient manner by computing many derivatives at once.
8 //================================================================= ============= ==
9 int

10 main(int argc, char *argv[])
11 {
12 Overture::start(argc,argv); // initialize Overture
13
14 SquareMapping square(0.,1.,0.,1.); // Make a mapping, unit square
15 square.setGridDimensions(axis1,11); // axis1==0, set no. of grid points
16 square.setGridDimensions(axis2,11); // axis2==1, set no. of grid points
17 MappedGrid mg(square); // MappedGrid for a square
18 mg.update(); // create default variables
19
20 Index I1,I2,I3;
21 Range all; // null Range
22 realMappedGridFunction u(mg,all,all,all,Range(0,0)), // define some component grid functions,
23 v(mg,all,all,all,Range(0,0)), // in 3D
24 w(mg,all,all,all,Range(0,1));
25
26 MappedGridOperators operators(mg); // define some differential operators
27 u.setOperators(operators); // Tell u which operators to use
28 v.setOperators(operators);
29 w.setOperators(operators); // Tell u which operators to use
30
31 getIndex(mg.dimension(),I1,I2,I3); // assign I1,I2,I3
32 u(I1,I2,I3)=sin(mg.vertex()(I1,I2,I3,axis1))*cos(mg.vertex ()(I1,I2,I3,axis2)); // u=sin(x)*cos(y)
33 w(I1,I2,I3,0)=sin(mg.vertex()(I1,I2,I3,axis1))*cos(mg.vert ex()(I1,I2,I3,axis2) ); // first component
34 w(I1,I2,I3,1)=sin(mg.vertex()(I1,I2,I3,axis1))*sin(mg.vert ex()(I1,I2,I3,axis2) ); // second component
35
36 u.display("here is u");
37
38 // compute the derivatives at interior and boundary points (there is 1 ghost line by default)
39 getIndex(mg.indexRange(),I1,I2,I3); // assign I1,I2,I3
40
41 operators.x(u).display("Here is operators.x(u)"); // one way to compute u.x
42 u.x().display("Here is u.x"); // another way to compute u.x
43
44 v=u;
45 v.x().display("v=u; here is v.x");
46
47
48 real error = max(fabs(u.x()(I1,I2,I3)- cos(mg.vertex()(I1,I2,I3,axis1))*cos(mg.vertex()(I1,I2,I3 ,axis2))));
49 cout << "Maximum error (2nd order) = " << error << endl;
50
51 // here we compute the derivatives of only some components of w
52 v=w.x(all,all,all,0)+w.y(all,all,all,1);
53 v.display("here is w.x(0)+w.y(1)");
54
55
56 // now compute to 4th order
57 operators.setOrderOfAccuracy(4);
58 // 4th order has a 5 point stencil -- therefore on compute on interior points
59 getIndex(mg.indexRange(),I1,I2,I3,-1);
60
61 // compute the derivatives at interior and boundary points (there is 1 ghost line by default)
62
63 error = max(fabs(u.x()(I1,I2,I3)-cos(mg.vertex()(I1,I2,I3,axis1) )*cos(mg.vertex()(I1,I 2,I 3,a xis 2)) ));
64 cout << "Maximum error (4th order) = " << error << endl;
65
66 // --- Here is a more complicated expression:
67 v(I1,I2,I3)=u(I1,I2,I3)*u.x()(I1,I2,I3)+v(I1,I2,I3)*u.y( )(I1,I2,I3)-.1*(u.xx() (I1 ,I 2,I 3)+ u.y y() (I1 ,I2 ,I3 ));
68
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69 // --- make a list of derivatives to evaluate all at once (this is more efficient) ---
70 RealArray ux,uy; // these arrays will hold the answers
71 operators.setNumberOfDerivativesToEvaluate( 2 );
72 operators.setDerivativeType( 0, MappedGridOperators::xDerivative, ux );
73 operators.setDerivativeType( 1, MappedGridOperators::yDerivative, uy );
74
75 // reset order of accuracy to 2
76 u.getOperators()->setOrderOfAccuracy(2); // This is the same as operators.setOrderOfAccuracy(2);
77
78 // compute the x and y derivatives of u and save in the arrays ux and uy
79 operators.getDerivatives(u,I1,I2,I3);
80 // this next line is another way to do exactly the same thing
81 u.getDerivatives(I1,I2,I3);
82
83 error = max(fabs(ux(I1,I2,I3)-cos(mg.vertex()(I1,I2,I3,axis1))*co s(mg.vertex()(I1,I2,I 3,a xis 2)) ));
84 cout << "Maximum error in ux: (2nd order) = " << error << endl;
85 error = max(fabs(uy(I1,I2,I3)+sin(mg.vertex()(I1,I2,I3,axis1))*si n(mg.vertex()(I1,I2,I 3,a xis 2)) ));
86 cout << "Maximum error in uy: (2nd order) = " << error << endl;
87
88
89 // compute the y derivative only
90 ux=-123.; // init with bogus values
91 uy=-123.;
92 u.getDerivatives(I1,I2,I3,all,1); // all=all components, 1=derivative number 1 (yDerivative)
93
94 error = max(fabs(ux(I1,I2,I3)-cos(mg.vertex()(I1,I2,I3,axis1))*co s(mg.vertex()(I1,I2,I 3,a xis 2)) ));
95 cout << "Maximum error in ux: (2nd order) (should be bad, only uy computed)= " << error << endl;
96 error = max(fabs(uy(I1,I2,I3)+sin(mg.vertex()(I1,I2,I3,axis1))*si n(mg.vertex()(I1,I2,I 3,a xis 2)) ));
97 cout << "Maximum error in uy: (2nd order) = " << error << endl;
98
99 // ***** now compute derivatives of a grid function with multiple components

100
101 getIndex(mg.indexRange(),I1,I2,I3); // assign I1,I2,I3
102 w.getDerivatives(I1,I2,I3);
103
104 ux=-123.; // init with bogus values
105 uy=-123.;
106 w.getDerivatives(I1,I2,I3,0,1); // 0=component, 1=yDerivative
107 w.getDerivatives(I1,I2,I3,1,0); // 1=component, 0=xDerivative
108
109 ux.display("ux for w");
110 uy.display("uy for w");
111
112 error = max(fabs(uy(I1,I2,I3,0)+sin(mg.vertex()(I1,I2,I3,axis1))* sin(mg.vertex()(I1,I2 ,I3 ,ax is2 ))) );
113 cout << "Maximum error in w(0).y: (2nd order) = " << error << endl;
114 error = max(fabs(ux(I1,I2,I3,1)-cos(mg.vertex()(I1,I2,I3,axis1))* sin(mg.vertex()(I1,I2 ,I3 ,ax is2 ))) );
115 cout << "Maximum error in w(1).x: (2nd order) = " << error << endl;
116
117
118 cout << "Program Terminated Normally! \n";
119 Overture::finish();
120 return 0;
121 }

In this examplewe createa MappedGridOperators object and associateit with a grid function. We computethe
x-derivative of a realMappedGridFunction . The memberfunction “x” in the grid function returnsthe x derivative of
the grid function asa new grid function. It usesthe derivative definedin the MappedGridOperators object. Note that
by default thederivative of a realMappedGridFunction is only computedat interior andboundarypoints(indexRange).
Thusto access(make a view) of thederivative valuesof thegrid functionu.x() at theIndex’s (I1,I2,I3) it is necessary
to sayu.x()(I1,I2,I3) . On theotherhandthestatementu.x(I1,I2,I3) will evaluatethederivativeson thepoints
definedby (I1,I2,I3) , but will returna grid function that is dimensionedfor the entiregrid. Thus in generalon could
sayu.x(I1,I2,I3)(J1,J2,J3) to evaluatethederivativesat points(I1,I2,I3) but to use(take a view) of thegrid
functionat theIndex’s (J1,J2,J3) .

Theexamplecodealsoshowshow to computethederivativesof justsomecomponentsof agrid function.Thegrid function
whas2 components.Theexpressionw.x(all,all,all,0) computesthederivativeof component‘0’ of wandreturnsthe
resultasagrid functionwith 1 component.

The efficient methodfor computingderivatives is shown at the bottom of this example. First one must indicatehow
many derivativeswill beevaluated,setNumberOfDerivativesToEvaluate , andwhichderivativesshouldbeevaluated,
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setDerivativeType , and also supply A++ arraysto hold the resultsin (ux,uy ). Thesearrayswill automaticallybe
madelargeenoughto hold the resultsif they arenot alreadylargeenough.Thecall to getDerivatives will evaluateall
the derivativesall at once(thussaving computations)andplacethe resultsin the usersuppliedarrays(thussaving memory
allocationoverhead).

Seealsosection(3.2) for asimilar examplethatusesCompositeGridFunction ’s.

2.3 DerivativesDefinedUsingFinite Differ ences

TheclassMappedGridOperators definesderivativesusingfinite differencesandthe“mappingmethod”.Simplyput,each
derivative is written,usingthechainuse,in termsof derivativeson theunit square(or cube).Thederivativeson theunit square
arediscretizedusingstandardcentralfinite differences.

EachMappedGrid , � , consistsof asetof grid points,
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Oneor two extra linesof fictitious pointsareaddedfor conveniencein discretizingto secondor fourth-order. Boundariesof
the computationaldomainwill coincidewith the boundariesof the unit cubes,

P5� 
�#�' �,(W),+$($-�.$/$0�+ # -21MT$H�0 ' H?7 ! 3
or

P4� 
#$' ��(*),+$(�-$.$/�0$+ # -*1 I +$(&7 ! 3
.

Thederivativesarediscretizedwith secondor fourth-orderaccuratecentraldifferencesappliedto theequationswritten in
theunit cubecoordinates,aswill now beoutlined.Definetheshift operatorin thecoordinatedirection
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denotesecond-orderaccuratederivativeswith respectto « and ¬ . Thederivativeswith
respectto « arethestandardcentreddifferenceapproximations.For example
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Thederivativeswith respectto ¬ aredefinedby thechainrule. For thefourth-orderapproximations,for example,�´­
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Theentriesin theJacobianmatrix,
�U¢ �¾¹ � � »

, areassumedto beknown at theverticesof thegrid; thesevaluesareobtained
from theMappedGrid in thearrayinverseVertexDerivatives .

2.4 ConservativeDiffer enceApproximations

TheMappedGridOperators alsosupplysomeconservative differenceapproximations.*** this is new ***
Define ¿ to bethedeterminantof theJacobianmatrixof thetransformationderivatives
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This is calledconservationform for thevariables« sinceintegralsover
{ « spacecanbeexpressedin asimpleform from which

thedivergencetheoremcanbeapplied:
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Thelaplacianoperatorin divergenceform now follows easily,
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The conservative differ enceapproximations to the divergenceandlaplacianareobtainedby discretizingthe above ex-
pressions.

Similarly theoperatorbÐc 1 � 1 ¬ 3 b Ï 3
is
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bÐc 1 � b Ï 3 
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A generalsecond-orderderivative,
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In two dimensionswewrite theexpressionfor bdc 1 � b Ï 3
in moredetail
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Thisexpressioncanbewritten in thesimplifiedform
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. A second-orderaccuratecompactdiscretizationto this expressionis
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which is appropriateif thecoefficientsvary rapidly.
A fourth-order accurate approximationcanbe derived asfollows. A fourth-orderaccuratediscretizationto the second
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is a fourthorderaccurateapproximationto thefirst derivative at � � � �� . Thus
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is a fourth-orderaccurateconservative approximation.We canmake this a compact5 point schemeby droppingthe highest
orderdifferences(whichare × 1 Õ ³ 3 anyway) to give
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A consistentapproximationto the boundarycondition â � c 1 � b Ï 3
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(consistentwith the divergencetheorem). Thuswe shouldapproximatethe normalderivative at the boundarypoint
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Theseapproximationsimplicitly appearin thediscretizationof theoperatorbËc 1 � b Ï 3
. If wechoosethesameapproximations

in theboundaryconditionthentermswill cancelappropriately.
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3 ClassGridCollectionOperators and ClassCompositeGridOperators

This classis usedto definedifferentialoperatorsfor realCompositeGridFunction ’s. It usestheMappedGridOper-
ators classto do this. The classCompositeGridOperators is actuallyderived from the classGridCollection-
Operators . Most of thememberfunctionsaredefinedin thebaseclass.For thediscussionhere,however, we will pretend
thatthefunctionsaredefinedin classCompositeGridOperators .

3.1 Public member function and memberdata descriptions

3.1.1 Public enumerators

Herearethepublicenumerators:

3.1.2 Constructors

GridCollectionOperators()

GridCollectionOperators( GridCollection & gridCollection0 )

Description: ConstructaGridCollectionOperators

gridCollection0 (input): Associatethis grid with theoperators.

Author: WDH

GridCollectionOperators( MappedGridOperators & op )

Description: ConstructaGridCollectionOperatorsusingaMappedGridOperators

op (input): Associatethis grid with theseoperators.

Author: WDH

3.1.3 Derivativesx,y,z,xx,xy,xz,yy,yz,zz,laplacian,grad,div

GridCollectionFunction
”deri vative”(const realGridCollectionFunction & u,

constIndex & N =nullIndex
)

Description: ”derivative” equalsoneof x, y, z, xx, xy, xz, yy, yz, zz, laplacian,grad,div.

u (input): Take thederivative of this grid function.

N (input): evaluatethederivativesfor thesecomponents.

return Value: Thederivative.

Return value: Thederivative is returnedasa new grid function. For all derivativesbut grad anddiv thenumberof com-
ponentsin theresultis equalto thenumberof componentsspecifiedby N (if N is not specifiedthentheresultwill have
the samenumberof componentsof the grid function beingdifferentiated). The grad operatorwill have numberof
componentsequalto thenumberof spacedimensionswhile thediv operatorwill have only onecomponent.

3.1.4 Derivative coefficients

GridCollectionFunction
”deri vativeCoefficients”(constIndex & N =nullIndex )

Description: ”derivativeCoefficients”equalsoneof xCoefficients,yCoefficients,zCoefficients,xxCoefficients,xyCoefficients,
xzCoefficients,yyCoefficients,yzCoefficients,zzCoefficients, laplacianCoefficients,gradCoefficients,divCoefficients.
Computethecoefficientsof thespecifiedderivative.

N (input): evaluatethecoefficientsfor thesecomponents.

return Value: Thederivative coefficients.
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3.1.5 get

int
get(� constGenericDataBase& dir, constaString & name)

Description: Getfrom adatabasefile

dir (input): getfrom thisdirectoryof thedatabase.

name(input): thenameof thegrid functionon thedatabase.

3.1.6 put

int
put( GenericDataBase& dir, constaString & name)const

Description: outputontoadatabasefile

dir (input): putontothisdirectoryof thedatabase.

name(input): thenameof thegrid functionon thedatabase.

3.1.7 applyBoundaryCondition

void
applyBoundaryCondition(realGridCollectionFunction & u,

constIndex & Components,
constBCTypes::BCNames& bcType = BCTypes::dirichlet,
constint & bc = BCTypes::allBoundaries,
constreal& forcing =0.,
constreal& time =0.,
constBoundaryConditionParameters&

bcParameters= Overtur e::defaultBoundaryConditionParameters())

void
applyBoundaryCondition(realGridCollectionFunction & u,

constIndex & Components,
constBCTypes::BCNames& bcType,
constint & bc,
constRealArray & forcing,
constreal& time =0.,
constBoundaryConditionParameters&

bcParameters= Overtur e::defaultBoundaryConditionParameters())

void
applyBoundaryCondition(realGridCollectionFunction & u,

constIndex & Components,
constBCTypes::BCNames& bcType,
constint & bc,
constrealGridCollectionFunction & forcing,
constreal& time =0.,
constBoundaryConditionParameters& bcParameters

= Overtur e::defaultBoundaryConditionParameters())

Description: Apply aboundaryconditionto agrid function.Thisroutineimplementseveryboundaryconditionknown to man
(ha!)

u (input/output): applyboundaryconditionsto thisgrid function.

Components(input): applyto thesecomponents

bcType (input): thenameof theboundaryconditionto apply(dirichlet,neumann,...)
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bc (input): apply the boundaryconditionon all sidesof the grid wherethe boundaryConditionarray (in the MappedGrid)
is equalto this value. By default bc=BCTypes allBoundaries apply to all boundaries(with a positive valuefor
boundaryCondition).To applyaboundaryconditionto aspecifiedsideuse


 bc=BCTypes::boundary1 for
1 �4P�{$}=7 � � P���3 
 1 : 7 : 3


 bc=BCTypes::boundary2 for
1 �4P�{$}=7 � � P���3 
 15<�7 : 3


 bc=BCTypes::boundary3 for
1 �4P�{$}=7 � � P���3 
 1 : 7=<�3


 bc=BCTypes::boundary4 for
1 �4P�{$}=7 � � P���3 
 15<�7=<�3


 bc=BCTypes::boundary5 for
1 �4P�{$}=7 � � P���3 
 1 : 7 � 3


 bc=BCTypes::boundary6 for
1 �4P�{$}=7 � � P���3 
 15<�7 � 3

or usebc=BCTypes::boundary1+side+3*axis for given valuesof
1 �4P�{$}=7 � � P���3

(this could be usedin a loop,
for example).

forcing (input): Thisvalueis usedasa forcing for theboundarycondition,if needed.

time (input): applyboundaryconditionsat this time (usedby twilightZoneFlow)

bcParameters(input): optionalparametersarepassedusingthis object. Seethe examplesfor how to passparameterswith
thisargument.

Limitations: only secondorderaccurate.

void
applyBoundaryCondition(realGridCollectionFunction & u,

constIndex & Components,
constBCTypes::BCNames& bcType,
constint & bc,
constRealDistributedArray & forcing,
constreal& time =0.,
constBoundaryConditionParameters&

bcParameters= Overtur e::defaultBoundaryConditionParameters())

3.1.8 applyBoundaryConditionCoefficients

void
applyBoundaryConditionCoefficients(realGridCollectionFunction & coeff,

constIndex & Equations,
constIndex & Components,
constBCTypes::BCNames&
bcType = BCTypes::dirichlet,
constint & bc = BCTypes::allBoundaries,
constBoundaryConditionParameters&

bcParameters= Overtur e::defaultBoundaryConditionParameters())

Description: Fill in thecoefficientsof theboundaryconditions.

coeff (input/output): grid functionto hold thecoefficientsof theBC.

t (input): applyboundaryconditionsat this time.

Limitations: toomany to write down.

3.1.9 finishBoundaryConditions

void
finishBoundaryConditions(realGridCollectionFunction & u,
constBoundaryConditionParameters& bcParameters= Overtur e::defaultBoundaryConditionParameters(),

constRange& C0 =nullRange)
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Description: Call this routinewhenall boundaryconditionshavebeenapplied.This functionwill fix up thesolutionvaluesin
cornersandupdateperiodicedges.

u (input/output):
ç

Grid functionto whichboundaryconditionswereapplied.

bcParameters(input): SupplyparameterssuchasbcParameters.orderOfExtrapolationwhich indicatestheorderof extrapola-
tion to use.

C0 (input) : applyto thesecomponents.
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3.2 Example1: Operators applied to a realCompositeGridFunction

In this examplewe usethe CompositeGridOperatorsto computesomederivatives. This exampleis similar to the example
describedin section(2.2),seethecommentstherefor moreinformation.(file Overture/examples/tcgo.C )

1 #include "Overture.h"
2 #include "CompositeGridOperators.h"
3 //================================================================= ============= ==
4 // Examples showing how to differentiate realCompositeGridFunctions
5 // o evaluate using the x,y,... member functions
6 // o evaluate in an effficient manner by computing many derivatives at once.
7 //================================================================= ============= ==
8 main(int argc, char *argv[])
9 {

10 Overture::start(argc,argv); // initialize Overture
11
12 aString nameOfOGFile;
13 cout << "Enter the name of the overlapping grid data base file " << endl;
14 cin >> nameOfOGFile;
15 if( nameOfOGFile[0]!=’.’ )
16 nameOfOGFile="/home/henshaw/res/ogen/" + nameOfOGFile;
17
18 // create and read in a CompositeGrid
19 CompositeGrid cg;
20 getFromADataBase(cg,nameOfOGFile);
21 cg.update();
22
23 Index I1,I2,I3;
24 Range all; // null Range (defaults to entire Range when used)
25 realCompositeGridFunction u(cg,all,all,all,Range(0,0)), // define some component grid functions in 3D
26 v2(cg,all,all,all,Range(0,0)),
27 v4(cg,all,all,all,Range(0,0)),
28 q(cg,all,all,all,Range(0,1)); // q has 2 components
29
30 CompositeGridOperators operators(cg); // define some differential operators
31 u.setOperators(operators); // Tell u which operators to use
32 q.setOperators(operators);
33
34 for( int grid=0; grid<cg.numberOfComponentGrids(); grid++ )
35 {
36 MappedGrid & mg = cg[grid]; // mg is an alias for cg[grid]
37 getIndex(mg.dimension(),I1,I2,I3); // assign I1,I2,I3
38 u[grid](I1,I2,I3)=sin(mg.vertex()(I1,I2,I3,axis1))*cos(mg. vertex()(I1,I2,I3,axi s2 )); // u=sin(x)*cos(y)
39 }
40
41 u.display("here is u");
42 operators.x(u).display("Here is operators.x(u)"); // one way to compute u.x
43 u.x().display("Here is u.x"); // another way to compute u.x
44
45 v2=u.x(); // save x derivative (2nd-order)
46
47 Range c0(0,0),c1(1,1);
48 q(c0)=1.; // assign component 0 of q. This is cute but relatively expensive
49 q(c1)=2.; // assign component 1 of q.
50 q.display("here is q");
51 q(c0)=q(c0)*q.x(c0)+q(c1)*q.y(c0);
52
53 operators.setOrderOfAccuracy(4); // now compute to 4th order
54 v4=u.x(); // save x derivative (4th-order)
55
56 operators.setOrderOfAccuracy(2); // reset back to 2nd order
57
58 // print the errors
59 real error;
60 for( grid=0; grid<cg.numberOfComponentGrids(); grid++ )
61 {
62 MappedGrid & mg = cg[grid]; // mg is an alias for cg[grid]
63 // compute errors on interior points and boundary
64 getIndex(mg.indexRange(),I1,I2,I3); // assign I1,I2,I3
65 error = max(fabs(v2[grid](I1,I2,I3)- cos(mg.vertex()(I1,I2,I3,axis1))*cos(mg.vertex()(I1,I2,I3 ,axis2))));
66 cout << "Maximum error (2nd order) = " << error << endl;
67
68 error = max(fabs(v4[grid](I1,I2,I3)-cos(mg.vertex()(I1,I2,I3,axis1) )*cos(mg.vertex()(I1 ,I2 ,I3 ,ax is2 ))) );
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69 cout << "Maximum error (4th order) = " << error << endl;
70 }
71
72 // Now we compute the derivatives in a more efficient way. To do this we loop over the
73 // component grids.
74
75 // The arrays ux and uy are used to save the results in. These arrays are re-used for all
76 // the different component grids (thus saving space)
77 RealArray ux,uy;
78 // --- make a list of derivatives to evaluate on each component grid
79 for( grid=0; grid<cg.numberOfComponentGrids(); grid++ )
80 {
81 operators[grid].setNumberOfDerivativesToEvaluate( 2 );
82 operators[grid].setDerivativeType( 0, MappedGridOperators::xDerivative, ux );
83 operators[grid].setDerivativeType( 1, MappedGridOperators::yDerivative, uy );
84 operators[grid].setOrderOfAccuracy(2);
85 }
86
87 // Now evaluate the derivatives
88 for( grid=0; grid<cg.numberOfComponentGrids(); grid++ )
89 {
90 MappedGrid & mg = cg[grid];
91
92 // compute the x and y derivatives of u and save in the arrays ux and uy
93 operators[grid].getDerivatives(u[grid],I1,I2,I3);
94 // this next line is another way to do exactly the same thing
95 u[grid].getDerivatives(I1,I2,I3);
96
97 error = max(fabs(ux(I1,I2,I3)-cos(mg.vertex()(I1,I2,I3,axis1))*co s(mg.vertex()(I1,I2,I3 ,ax is2 ))) );
98 cout << "Maximum error in ux: (2nd order) = " << error << endl;
99 error = max(fabs(uy(I1,I2,I3)+sin(mg.vertex()(I1,I2,I3,axis1))*si n(mg.vertex()(I1,I2,I3 ,ax is2 ))) );

100 cout << "Maximum error in uy: (2nd order) = " << error << endl;
101 }
102
103 Overture::finish();
104 cout << "Program Terminated Normally! \n";
105 return 0;
106 }
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4 Boundary Conditions

Theboundaryconditionoperatorsdefinea“library” of elementaryboundaryconditionoperationsthatcanbeusedto implement
applicationspecificboundaryconditions.Examplesof elementaryboundaryconditionsincludeDirichlet, Neumannandmixed
conditions,extrapolation,settingthenormalcomponentof avectorandsoon.

Herearetheelementaryboundaryconditionsthataresupported

[ 
Àè dirichlet� » [ 
Àè neumann� § [_�;� � � » [ 
Àè mixed1 �k� 3Mé [ 
;: extrapolation(to ê Ñ�Ò order)1 �k� 3 é â_c ­ 
�: extrapolatenormalcomponent(to ê ÑYÒ order)1 �k� 3Mé�ëà� c ­ 
;: extrapolatetangentialcomponent,m=0,1â_c ­ 
Àè normalComponentì c ­ 
Àè aDotU� § ��� [ � �;� � ��� [ R ��� R ��� [ � 
�è generalizedDivergence� § [_�;� � [ � ��� R [ � ��� � [ � 
Àè generalMixedDerivative[ 15Ví�;3 
 [ 1 � �;3
evenSymmetryâ_c ­ 1 Ví�;3 
Zâ_c 1 � ­ 1 : 3*V ­ 1 � �;343S7
vectorSymmetryë c ­ 15Ví�;3 
 ë c ­ 1 � �;3­Àî 1 â_c ­ 3 â ��ï tangentialComponentëà� c ­ 
Àè tangentialComponent� m

�
, m=0,1â_c � » ­ 
�è normalDerivativeOfNormalComponentëà� c � » ­ 
Àè normalDerivativeOfTangentialComponent� m

�
, m=0,1â_c � b [ 
Àè normalDerivativeScalarGrad

Herearepossiblefutureones(let meknow if youneedsomething)1 ì c�b 3 [ 
Àè aDotGradU� » 1 ì c ­ 3 
�è normalDerivativeOfADotU

Thenotation[ 15V���3 
 [ 1 � �;3
meansthat thevalueof thesolutionon ghostline

�
is setequalto thevalueon the

�ºÑ�Ò
line

insidethedomain.Here â is theunit OUTWARD normaland
� »

is thenormalderivative,
� » 
Ðâðc$b , and

ëà�
representsthe

tangentvector(s).
Thereis alsoaextrapolateInterpolationNeighbours boundaryconditiondescribedbelow.
Therearetwo commonapproachesto implementingboundaryconditions
 Useghostpoints


 Do notuseghostpoints;insteaduseonesideddifferences.

On curvilineargridsmy experienceis that thefirst approachis easier. Moreover, usingonesideddifferencesis equivalent
to usinga centreddifferenceon the boundaryandextrapolatingthe ghostpoint(s). Thuswe will only discusshow to assign
boundaryconditionsassumingthatweareusingghostpoints.

Considerfirst thecaseof asecondorderaccuratemethod.Supposethatall variableshaveDirichlet boundaryconditions.In
this casetheghostpointsareprobablynotused;if they areit is usuallygoodenoughjust to extrapolatetheghostpoints.

Dirichlet:
1. extrapolateghostpoints
2. applyDirichlet boundaryconditions

Now supposethat all variableshave a Neumannboundarycondition. In this casethe equationcanbe appliedup to and
includingtheboundary. TheNeumannboundaryconditioncanbethoughtof asgiving thevalueat thefictitiouspoints.

Neumann:
1. applyinteriorequationon theboundary
2. applyNeumannboundaryconditions

Whenaboundaryconditionconsistsof somevariablesbeinggivenDirichlet andsomegivenNeumannboundaryconditions
it is oftenappropriateto

Neumann/Dirichlet:

1. applyinteriorequationon theboundary
2. applytheDirichlet Boundaryconditions
3. extrapolatevariableswith Dirichlet boundaryconditions
4. applyNeumannboundaryconditions
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Notethattheorderof applyingtheconditionsis important.For example,theNeumannconditionmayusevaluesof theDirichlet
variableson theboundaryor on theghostpoints.In this casetheNeumannconditionshouldbeappliedlast.

Now let usseesomeexamplesof how wecanactuallyimplementtheabove procedures...

4.1 Example: apply boundary conditions to a MappedGridFunction
TheapplyBoundaryCondition memberfunctionof theMappedGridOperators or aMappedGridFunction will
assignan elementaryboundarycondition, suchas dirichlet , to all sidesof a MappedGrid mg wherethe valuesof
mg.boundaryCondition(side,axis) areequalto a specifiedpositive integer. Usually a solver will defineinteger
valuesfor non-elementaryboundaryconditionssuchas

const int inflow=1,
outflow=2,
wall=3;

Thevaluesof mg.boundaryCondition(side,axis) will thenbeassignedwith theappropriatevaluessuchas

mg.boundaryCondition(Start,axis1)=inflow;
mg.boundaryCondition(End ,axis1)=outflow;
mg.boundaryCondition(Start,axis2)=wall;
etc.

A functioncall of theform

realMappedGridFunction u(...)
...
int component=0;
u.applyBoundaryCondition(component,dirichlet,inflow,1.);

will assignaDirichletboundarycondition,[ 
 <
, to

Þàã�� ê ã�z�}5z*á 
;: of [ , onall sidesof thegridwheremg.boundaryCondition(side,axis)=inflow .
WhentheMappedGridOperators applyBoundaryCondition function is calledit loopsthroughall thebound-

ariesin thefollowing fashion:

...
ForBoundary(side,axis) // loop over all faces
{

if( c.boundaryCondition(side,axis)==bc
|| ( bc==allBoundaries && c.boundaryCondition(side,axis) > 0) )

{
switch ( bcType )
{
case dirichlet:

// assign dirichlet BC on this side
break;

case neumann:
// assign dirichlet BC on this side
break;

...
}

}
}

...

TheenumatorallBoundaries is adefault argument.
The finishBoundaryConditions functionshouldbecalledwhenall boundaryconditionshave beenapplied.This

routinewill assignvaluesin cornersandupdateperiodicboundaries.
In thisexamplecodeweshow how to assignandevaluateboundaryconditions.Applying boundaryconditionsto a real-

CompositeGridFunction worksin thesameway. (file Overture/examples/bcgf.C )

4.2 Boundary Condition Descriptions

In this sectionwedescribein somedetailhow eachelementaryboundaryconditionis applied.
Definethefollowing valueswhicharefunctionsof theinputparametersto applyBoundaryCondition :

void MappedGridOperators::
applyBoundaryCondition(realMappedGridFunction & u,

const Index & Components,
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const BCTypes::BCNames & bcType, /* = BCTypes::dirichlet */
const int & bc, /* = allBoundaries */
const real & forcing, /* =0. */
const real & time, /* =0. */
const BoundaryConditionParameters &

bcParameters /* = defaultBoundaryConditionParameters */,
const int & grid /* =0 */ )

MappedGrid & mg = *u.getMappedGrid();
Range C = Components;
int nc = Components.getLength(); // number of components
int nd = number of space dimensions
intArray & components = bcParameters.components;
bool componentsSpecified = components.getLength(0) > 0;
int lineToAssign = bcParameters.lineToAssign;
Index I1,I2,I3;
int side,axis; // defines the face of the grid we are on
int grid; // defines the grid number if from a gridCollectionFunction
getBoundaryIndex(mg.gridIndexRange,side,axis,I1,I2,I3,lineToAssign );
Range C1 = C-C.getBase()+forcing.getBase();
OGFunction e = twilight zone function (if specified)

Therearealsoversionsof applyBoundaryCondition whereforcing is a realArray , or a realMappedGrid-
Function or andarrayof realArray ’s.
Note: For boundaryconditionsthatnormallyassignthevalueontheboundary(suchasdirichlet or normalComponent
a valuecanbeassignedon a line otherthantheboundaryby settingbcParameters.lineToAssign – a valueof zerois
theboundary, 1 thefirst ghostline and-1 thefirst interior line etc.

4.2.1 dirichlet

By default thedirichletboundaryconditionassignsvalueson theboundaryaccordingto thefollowing

[ 1]ñ�<�7Sñ � 7Sñ \ 7 [Íò 3 


} % [ 1Q� è 7Sñ�<�7Sñ � 7Sñ \ 7,ó ò 7Sá=3
if twightZoneFlow==TRUEó2ã ¢ Þ�Pwz è if forcing is a realó2ã ¢ Þ�Pwz è 1 ó ò 3
if forcing is a realArraywith 1 arraydimensionó2ã ¢ Þ�Pwz è 1]ñ�<^7 ñ � 7Sñ \ 7,ó ò 3
if forcing is a realArraythatis big enoughó2ã ¢ Þ�Pwz è 1 ó ò 7��5Pà{U}^7 � � P��^7 è ¢ P�{ô3 if forcing is a realArraythatis big enoughó2ã ¢ Þ�Pwz è 1]ñ�<^7 ñ � 7Sñ \ 7,ó ò 3
if forcing is agridFunction

HereuC andfC areintArraysand

[ 1]ñ�<^7 ñ � 7Sñ \ 7 [Íò 3 
 } % [ 1]� è 7 ñW<�7Sñ � 7Sñ \ 7,ó ò 7Sá=3
means

[ 1]ñ�<^7 ñ � 7Sñ \ 7 [Íò 1]P,343 
 } % [ 1]� è 7Sñ�<�7Sñ � 7 ñ \ 7,ó ò 1]P,3 7Sá=3
for

P 
 [Íò % è }4á æ � �^}�1 : 3S7 %�%,% 7 [Íò % è }5á æ ã [ z�{ô1 : 3
Thevaluesfoundin theintArraysuC andfC dependon theargumentsto applyBoundaryConditions . By default

[Íò 1]P,3 
 P
for

P 
 ò % è }5á æ � �^}�143 7 %,%,% 7 ò % è }4á æ ã [ z|{ô143
ó ò 1]P,3 
 P

for
P 
 ò % è }5á æ � �^}�143 7 %,%,% 7 ò % è }4á æ ã [ z|{ô143

However, if the argumentforcing is a grid function thenfC is definedso that it’s baseis the sameasthe baseof the grid
functionforcing :

ó ò 1]P,3 
 PÉV ò % è }5á æ � �^}�143 � ó2ã ¢ Þ�P�z è2% è }4á æ � �^}�143 for
P 
 ò % è }5á æ � �^}�143 7 %,%,% 7 ò % è }4á æ ã [ z|{ô143

Forarbitrarycontrolof whichcomponentstouseonecandimensionandsetoneorbothof theintArraysbcParameters.uComp-
onents andbcParameters.fComponents . Wheneitherof theseintArrays is given the argument ò is ignored. The
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following statementsdefinehow uC andfC aredeterminedin all cases(with uComponents :=bcParameters.uComp-
onents andfComponents :=bcParameters.fComponents )

[Íò 

ò if neitheruComponentsnor fComponentsis specified@$õ$E ! J$E�+$-$+$HW8

if uComponents is given� 7 �|� <�7 %Q%Q% if fComponents is specifiedbut notuComponents , b=u.getComponentBase(0)

and

ó ò 

ò if neitheruComponents nor fComponents is specified� 7 �|� <^7 %>%Q% if asabove casebut with grid functionforcing,b=forcing.getComponentBase(0)

C õ�E ! J$E�+$-$+�H*8
if fComponents is given� 7 �|� <^7 %>%Q% if uComponents is specifiedbut not fComponents , b=forcing.getComponentBase(0)

A valuecanbeassignedona line otherthantheboundaryby settingbcParameters.lineToAssign – avalueof zero
is theboundary, 1 thefirst ghostline and-1 thefirst interior line etc.

Sometimesa givenboundaryconditionsuchasdirichlet will needto usedifferentforcing valueson differentsidesof
differentgrids. Maybethedirichlet valueon onefaceis

<
while on anotherfaceit is

�
. Thesedifferentvaluescanbepassed

with a realArray forcing (they canalsobepassedmoregenerallywith a grid function). If the forcing function force is
a realArray with dimensionsthatarelargeenoughthenthe forcing for a given face(side,axis) belongingto a given
grid will betakenasforce(fC,side,axis,grid) . If the force arrayis not dimensionedlargeenoughfor thegiven
index valuesof (side,axis,grid) thenforce(fC) will beused.

4.2.2 neumann

For second-orderaccuracy theneumannboundaryconditionwill assignthevalueonthefirst ghostline from â�c5b [ 
Àè . Recall
that â is theoutwardnormal.

Define

Index Ig1,Ig2,Ig3;
getGhostIndex(mg.gridIndexRange,side,axis,Ig1,Ig2,Ig3); // first ghost line
Index Ip1,Ip2,Ip3;
getGhostIndex(mg.gridIndexRange,side,axis,Ip1,Ip2,Ip3,-1); // first line in

Onarectangulargrid theneumannconditionis computedas
[ 1]ñ è <^7 ñ è � 7Sñ è�\ 7 [Íò 3 
 [ 1]ñ ê <�7Sñ ê � 7Sñ ê$\ 7 [Íò 3*ö � ¡ �2÷�ø�n ù*è 7

where
¡ �2÷�ø n ù is thegrid spacingin thedirectionnormalto theboundaryand

èy

â_c 1 } % [Íú ¢ � {ô1Q� è 7Sñ�<�7Sñ � 7Sñ \ 7,ó ò 7 á=353

if twightZoneFlow==TRUEó2ã ¢ Þ�P�z è if forcing is a realó2ã ¢ Þ�P�z è 1Só ò 3
if forcing is a realArraywith 1 arraydimensionó2ã ¢ Þ�P�z è 1Qñ�<�7Sñ � 7 ñ \ 7,ó ò 3
if forcing is a realArraythatis big enoughó2ã ¢ Þ�P�z è 1Só ò 7,�4P�{$}=7 � � P��^7 è ¢ P�{ô3 if forcing is a realArraythatis big enoughó2ã ¢ Þ�P�z è 1Qñ�<�7Sñ � 7 ñ \ 7,ó ò 3
if forcing is agridFunction

and} % [Íú ¢ � {ô1]� è 7SñW<�7Sñ � 7Sñ \ 7�ó ò 7Sá=3 
 1 } % [ � 1]� è 7Sñ�<�7Sñ � 7Sñ \ 7,ó ò 7Sá=3 7,} % [ � 1]� è 7SñW<�7Sñ � 7Sñ \ 7�ó ò 7Sá=3 7,} % [ 	 1Q� è 7Sñ�<�7Sñ � 7Sñ \ 7,ó ò 7 á=353
Thedefinitionof theintArray’s uC andfC aregivenin thecommentsfor Dirichlet boundaryconditions.

On a curvlineargrid [ 1Qñ è <�7Sñ è � 7Sñ èô\ 7 [Íò 3
is determinedby imposingthecondition â_c�b [ 
;è (on theboundary).This is

doneby forming thematrix coefficientsfor â_c�b (on theboundary)Þ=1Sûü7Sñ�<�7Sñ � 7 ñ \ 3 
Zâ_c 1Sã ê?% � ò ã�}=ó*óUPàÞ�P�}5z*á,��143S7,ã ê?% � ò ã�}=ó2ó$P�Þ�Pà}5z*á,�5ñ�143S7�ã ê?%Q	 ò ã�}^ó2óUPàÞ�P�}4z2á,��14353
(M representsthestencil,9 pointsor 27points).Thenwehave anequationof theform

Þ�1]� § 7Sñ�<�7Sñ � 7Sñ \ 3 [ 1Qñ è <�7Sñ è � 7Sñ èô\ 7 ò 3 
 ��ýþ �¨ÿ Þ�1]�À7Sñ�<�7Sñ � 7 ñ \ 3 [ 1]ñW<�1]�;3 7Sñ � 1]��3S7 ñ \ 1]�;3 7 ò 3 � forcing

thatdetermines[ 1Qñ è <�7Sñ è � 7Sñ è�\ 7 [Íò 3
(
� §

is thestencilindex correspondingto theghostline value).(Thecoefficientsareonly
computedoncefor efficiency).
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4.2.3 mixed

For second-orderaccuracy themixedboundaryconditionwill assignthevalueon thefirst ghostline from thediscretizationof

� § [_��� � 1 âyc�b 3 [ 
Àè
whereâ is theoutwardnormal.It is assumedthat � ���
;: . Thevaluesof � § and � � arefoundin bcParameters.a . If bcPa-
rameters.a isdimensionedtobeatleastaslargeasbcParameters.a(2,2,numberOfDimensions,numberOfGrids)
thenthevaluesfor � § and � � will be

1 � § 7 � � 3 =bcParameters.a(0:1,side,axis,grid) whereside,axis,grid
denotetheparticularboundaryweareon. In thiswaydifferentvaluescanbeusedondifferentsidesof differentgrids.Otherwise� § and � � will be

1 � § 7 � � 3 =bcParameters.a(0:1) andthesamevalueswill beusedonall boundaries.
Sincefor non-rectangulargrids the matrix representingthe boundaryoperatoris saved (for efficiency ) it is currently

assumedthatthevalues� 1 : °Ã<�3
donotchangefrom onecall to thenext .

The mixed boundaryconditionis appliedin basicallythe sameway asthe neumann boundarycondition(seeabove for
moredetails).

4.2.4 extrapolate

Extrapolationdeterminesa valueon a ghostlineby extrapolatingalongthe coordinatedirectionnormalto the boundary. By
default thevalueon thefirst ghostlineis determinedusingsecondorderextrapolation:

[ 1]ñ è <�7Sñ è � 7 ñ è�\ 7 [Íò 3 
 � [ 1]ñ�<�7Sñ � 7Sñ \ 7 [Íò 3WV [ 1]ñ ê <^7 ñ ê � 7Sñ ê$\ 7 [Íò 3 � è 7
or moregenerallyusingê Ñ�Ò -orderextrapolation(p=1,...,10)

[ 1]ñ è <�7Sñ è � 7 ñ è�\ 7 [Íò 3 
 � é� 1 [ 1]ñW<�7Sñ � 7Sñ \ 7 [Éò 343 � è 7
Heretheextrapolationoperatoris either

� é ¤
or

� é�
, chosensoweextrapolateinto theinteriorof thegrid, and

èy


} % [ 1]� è 7 ñ è <�7Sñ è � 7Sñ è�\ 7,ó ò 7Sá=3WV � é� 1 } % [ 1Q� è 7Sñ�<�7Sñ � 7Sñ \ 7,ó ò 7Sá=343
if twightZoneFlow==TRUEó*ã ¢ Þ�Pwz è if forcing is a realó*ã ¢ Þ�Pwz è 1 ó ò 3
if forcing is a realArraywith 1 arraydimensionó*ã ¢ Þ�Pwz è 1]ñW<�7Sñ � 7Sñ \ 7,ó ò 3
if forcing is a realArraythatis big enoughó*ã ¢ Þ�Pwz è 1 ó ò 7,�4P�{$}=7 � � P��^7 è ¢ P�{ô3 if forcing is a realArraythatis big enoughó*ã ¢ Þ�Pwz è 1]ñW<�7Sñ � 7Sñ \ 7,ó ò 3
if forcing is agridFunction

Thedefinitionof theintArray’s uC andfC aregivenin thecommentsfor Dirichlet boundaryconditions.
To extrapolatea different line changebcParameters.ghostLineToAssign (default=1). To changethe order of

extrapolationsetbcParameters.orderOfExtrapolation (default=2).

4.2.5 normalComponent

ThenormalComponent boundaryconditionchangesthevaluesof [ ontheboundary(or someotherline) to satisfy âac ­ 
�è .
Thiscanbedoneby theprojection

­ 1]ñW<�7Sñ � 7Sñ \ 7 [Íò 3 î ­ 1Qñ�<�7Sñ � 7 ñ \ 7 [Íò 3 � Ø è VZ1 âyc ­ 1]ñW<�7Sñ � 7Sñ \ 7 [Íò 353 Ù â
Theforcing for this boundaryconditionis determinedfrom

è 1]ñ�<�7Sñ � 7Sñ \ 3 

â_c } % [ 1Q� è 7Sñ�<^7 ñ � 7Sñ \ 7,ó ò 7Sá=3

if twightZoneFlow==TRUEó2ã ¢ ÞSPwz è if forcing is a realâ_c ó2ã ¢ Þ�Pwz è 1 ó ò 3
if forcing is a realArraywith 1 arraydimensionâ_c ó2ã ¢ Þ�Pwz è 1 ó ò 7��5Pà{U}^7 � � P��^7 è ¢ P�{ô3 if forcing is a realArraythatis big enoughó2ã ¢ ÞSPwz è 1Qñ�<�7Sñ � 7 ñ \ 3
if forcing is ascalargridFunctionâ_c ó2ã ¢ Þ�Pwz è 1]ñ�<^7 ñ � 7Sñ \ 7,ó ò 3
if forcing is avectorgridFunction

Thedefinitionof theintArray’s uC andfC aregivenin thecommentsfor Dirichlet boundaryconditions.
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4.2.6 tangentialComponent0,tangentialComponent1

ThetangentialComponent0 andtangentialComponent1 boundaryconditionschangethevalueof
­

onthebound-
ary� (or someotherline) to satisfy

ë�� c ­ 
Àè for
� 
;: or

� 
 <
.

Therearetwo (or onein 2D) tangentvectorsonagivenboundary. Labeltheboundarywith thetwo integerers
1 � � Pà�=7,�4P�{$}�3

where
1 � � Pà� 
;: 7=<�7 � 7,�4P�{$} 
�: 7^<�3 for the6 faces.Thetwo tangentvectorsarethederivativeswith respectto thetwo tangential

unit squarecoordinates,
¢ Ì

, wherethevaluesfor
ß

areobtainedasacyclic permutationstartingfrom thevalueof � � Pà� � <
,

ß 
 � � P�� � � � <���� Á +$@ !�A - '$B�C$D � ! -$+*8��,E$+W8�7
Thetangentvectorsarenormalizedto beunit length

ë � 

� ¬ ¹ ��¢ Ì

�>� � ¬ ¹ �U¢ Ì �Q� 7 � 
;: 7=<�7 ß 
 <�7 � 1 � � P�� 
;: 3
or

ß 
 � 7 : 1 � � P�� 
 <�3
or

ß 
;: 7=< 1 � � Pà� 
 � 3
and are accessiblein a MappedGrid as the centerBoundaryTangent[axis][side](I1,I2,I3,0:nd-1,m)
(wherend=numberOfSpaceDimensions ).

Theseboundaryconditionsareappliedin thesamemannerasthenormalComponent boundarycondition,seethecom-
mentstherefor furtherdetails.

4.2.7 normalDerivativeOfTangentialComponent[0,1]

ThenormalDerivativeOfTangentialComponent0 (ornormalDerivativeOfTangentialComponent1 ) bound-
aryconditionchangesthevaluesof [ on theghostline to satisfy

ëà� c 1
�
� z ­ 3 
Àè*%

where
ë��

,
� 
²: (or

� 
 <
) is thetangentvectorasdefinedin section(4.2.6)This is not really thenormalderivative of the

tangentialcomponent: �
� z 1wëà� c ­ 3 
Àè (not this!)

unlessthetangentvectoris constant,but it is closeandprobablygoodenoughfor mostpurposes(?).
Theforcing functionsfor thisboundaryconditioncanbeof oneof thefollowing forms

è 1]ñW<�7Sñ � 7Sñ \ 3 


ëà� c 1 â_c�b 1 } % [ 1Q� è 7Sñ�<�7Sñ � 7Sñ \ 7,ó ò 7Sá=343
if twightZoneFlow==TRUEó*ã ¢ Þ�Pwz è if forcing is a realë c ó2ã ¢ Þ�P�z è 1Só ò 3
if forcing is a realArraywith 1 arraydimensionë c ó2ã ¢ Þ�P�z è 1Só ò 7,�5Pà{$}=7 � � P��^7 è ¢ P�{ô3 if forcing is a realArraythatis big enoughó*ã ¢ Þ�Pwz è 1]ñW<�7Sñ � 7Sñ \ 3
if forcing is ascalargridFunctionëà� c ó*ã ¢ Þ�Pwz è 1]ñ�<^7 ñ � 7Sñ \ 7,ó ò 3
if forcing is avectorgridFunction

Thedefinitionof theintArray’s uC andfC aregivenin thecommentsfor Dirichlet boundaryconditions.

4.2.8 extrapolateNormalComponent,extrapolateTangentialComponent[0,1]

The extrapolateNormalComponent boundaryconditionchangesthe valueof the normalcomponentof
­

on a ghost
line by extrapolationfrom interior values.Thiscanbedoneby theprojection

­ 1]ñ è <^7 ñ è � 7Sñ è�\ 7 [Íò 3 î ­ 1]ñ è <�7Sñ è � 7Sñ è�\ 7 [Íò 3 � Ø è VZ1 â_c ­ 1Qñ è <�7Sñ è � 7Sñ èô\ 7 [Éò 343 Ù â
where

141Qñ è <�7Sñ è � 7Sñ èô\ 3
aretheindicesof theghostline andè is theextrapolatedvaluefrom interiorpoints,for example,

è_
 � â_c ­ 1]ñW< è � <�7Sñ � è 7Sñ \�è 7 [Éò 3*V âyc ­ 1]ñW< è � <�7Sñ � è 7 ñ \�è 7 [Íò 3 %
Thedefinitionof theintArray’s uC andfC aregivenin thecommentsfor Dirichlet boundaryconditions.

To extrapolatea different line changebcParameters.ghostLineToAssign (default=1). To changethe order of
extrapolationsetbcParameters.orderOfExtrapolation (default=2).

TheextrapolateTangentialComponent0 andextrapolateTangentialComponent1 arethesameasextrapolateNormalComponent
exceptthatthenormalvectoris replacedby thetangentvector

ëà�
for

� 
�: or
� 
 <

.
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4.2.9 extrapolateTangentialComponent0,extrapolateTangentialComponent0,

Thetangentialcomponentsof a vectorgrid functioncanalsobeextrapolatedin a similar fashionto theextrapolateNor-
malComponent� boundarycondition.

4.2.10 tangentialComponent

ThetangentialComponent boundaryconditionsetsthevalueof thetangentialcomponent(s).
WARNING: You cannotin generalusethis conditionon two adjacentsidesof a grid andexpectthatthevalueat thecorneris
correctsincetherearetwo equationsdefiningthecornervalueandonly thelastoneappliedwill besatisfied(in general).

It changesthevalueof
­

on theboundaryto satisfy
­ Vd1 â c ­ 3 âd
dè . This is done(without having to know tangential

vectors)by setting

­ 1]ñ�<�7Sñ � 7Sñ \ 7 [Íò 3 î Ø â_c ­ 1]ñ�<�7Sñ � 7Sñ \ 7 [Íò 3 Ù â � è
If [Íò specifiesmore valuesthan the numberof spacedimensionsthen the extra valuesare ignored. The forcing for this
boundaryconditionis determinedfrom

********************* finish this *************************

è 1]ñ�<�7Sñ � 7Sñ \ 3 

â_c } % [ 1Q� è 7Sñ�<^7 ñ � 7Sñ \ 7,ó ò 7Sá=3

if twightZoneFlow==TRUEó2ã ¢ ÞSPwz è if forcing is a realâ_c ó*ã ¢ Þ�Pwz è 1 ó ò 3
if forcing is a realArrayó2ã ¢ ÞSPwz è 1Qñ�<�7Sñ � 7 ñ \ 3
if forcing is ascalargridFunctionâ_c ó*ã ¢ Þ�Pwz è 1]ñ�<^7 ñ � 7Sñ \ 7,ó ò 3
if forcing is avectorgridFunction

4.2.11 evenSymmetry

TheevenSymmetryboundaryconditiondeterminesthevalueson the
z�Ñ�Ò

ghostlineby settingthemequalto thevalueson thez�Ñ�Ò
line in:

[ 1]ñ è <^7Sñ è � 7Sñ è�\ 7 [Íò 3 
 [ 1]ñ ê <^7 ñ ê � 7Sñ ê$\ 7 [Íò 3 � è
where

è_
 } % [ 1]� è 7Sñ è <�7Sñ è � 7Sñ è�\ 7�ó ò 7Sá=3*V"} % [ 1]� è 7 ñ ê <�7Sñ ê � 7Sñ ê$\ 7,ó ò 7Sá=3
if twightZoneFlow==TRUE

By default thefirst ghostlineis assigned.To assigna differentghostlinesetbcParameters.ghostLineToAssign (de-
fault=1).

4.2.12 vectorSymmetry

Apply a symmetryconditionto a vector
­ 
 1 [ <�7 [ � 7 [ \ 3

by making â¶c ­ anoddfunctionwith respectto theboundaryandë c ­ anevenfunction:

ë c ­ 15V��;3 
 ë c ­ 1 � ��3
âyc ­ 15V��;3 
 â_c 1 � ­ 1 : 3*V ­ 1 � �;343

This conditioncanbeused,for example,in a fluids computationasa boundaryconditionfor thevelocity at a symmetrywall -
thevelocitynormalto thewall is oddwill thevelocitiestangentialto thewallsareeven.

The componentsof [ that arechangedaregiven by [ 1Qñ�<�7Sñ � 7 ñ \ 7 [Íò 3
. If [Íò specifiesmorevaluesthanthe numberof

spacedimensionsthentheextravaluesareignored.
To implementtheboundaryconditionwefirst setall componentson theghostline:

[ 1]ñ è <^7 ñ è � 7Sñ è�\ 7 [Íò 3 
 [ 1]ñ ê <�7Sñ ê � 7 ñ ê$\ 7 [Íò 3 %
This will make all componentseven. We thenchangethenormalcomponenton theghostlineto make thenormalcomponent
odd:

â_c [ 1]ñ è <^7Sñ è � 7Sñ è�\ 7 [Íò 3 
Zâ_c 1 � [ 1]ñ�<^7 ñ � 7Sñ \ 7 [Íò 3*V [ 1]ñ ê <^7 ñ ê � 7Sñ ê$\ 7 [Íò 343 � è
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where

è_
Zâ_c 1 } % [ 1Q� è 7Sñ è <�7Sñ è � 7 ñ è�\ 7,ó ò 1 : 3S7 á=3*V � } % [ 1]� è 7Sñ�<^7 ñ � 7Sñ \ 7,ó ò 15<�3 7Sá=3
� } % [ 1Q� è 7Sñ ê <�7Sñ ê � 7 ñ ê$\ 7,ó ò 1 � 3S7 á=353

if twightZoneFlow==TRUE

Thiscanbedoneby theprojection

­ 1]ñ è <�7Sñ è � 7Sñ è�\ 7 [Íò 3 î ­ 1]ñ è <^7 ñ è � 7Sñ è�\ 7 [Íò 3 � 1 è VZ1 â_c 1 ­ 1]ñ è <�7Sñ è � 7 ñ è�\ 7 [Íò 3*VZ1 � ­ 1Qñ�<�7Sñ � 7 ñ \ 7 [Íò 3
V ­ 1]ñ ê <�7Sñ ê � 7Sñ ê$\ 7 [Éò 343534343 â

4.2.13 aDotU

TheaDotU boundaryconditionchangesthevaluesof [ ontheboundaryto satisfy ì c ­ 
Àè . Thiscanbedoneby theprojection

­ 1]ñ�<^7 ñ � 7Sñ \ 7 [Íò 3 î ­ 1]ñW<�7Sñ � 7Sñ \ 7 [Éò 3 � Ø è VX1 ì c ­ 1]ñ�<^7 ñ � 7Sñ \ 7 [Íò 343 Ù ì�Q� ì �Q� R
Thevaluesof thevector ì arefound in thearraybcParameters.a(0:) . If [Íò specifiesmorevaluesthanthenumberof
spacedimensionsthentheextravaluesareignored.Theforcing for thisboundaryconditionis determinedfrom

è 1]ñ�<�7Sñ � 7Sñ \ 3 


ì c } % [ 1Q� è 7Sñ�<�7Sñ � 7Sñ \ 7,ó ò 7Sá=3
if twightZoneFlow==TRUEó2ã ¢ Þ�P�z è if forcing is a realì c ó2ã ¢ Þ�Pwz è 1 ó ò 3
if forcing is a realArraywith 1 arraydimensionì c ó2ã ¢ Þ�Pwz è 1 ó ò 7��5Pà{U}^7 � � P��^7 è ¢ P�{ô3 if forcing is a realArraythatis big enoughó2ã ¢ Þ�P�z è 1Qñ�<�7Sñ � 7 ñ \ 3
if forcing is ascalargridFunctionì c ó2ã ¢ Þ�Pwz è 1]ñ�<�7Sñ � 7Sñ \ 7,ó ò 3
if forcing is avectorgridFunction

4.2.14 generalMixedDerivative

Thegeneralmixedderivative boundaryconditionis

� 1 : 3 [_��� 14<�3 [ � �;� 1 � 3 [ � �;� 1 \ 3 [ � 
Àè¥%
For a second-orderaccuratediscretizationthis conditionwill determinethevalueof [ on thefirst ghostline.Thevaluesof the
vector ì arefoundin thearraybcParameters.a(0:) . (To bewell definedthis meansthat ì c^â �
;: )

Theright-handsideis givenby

è_


� 1 : 3 } % [ 1]� è 7 ñ è <�7Sñ è � 7Sñ è�\ 7,ó ò 7Sá=3
��� 14<�° \ 3 c } % [Íú ¢ � {ô1]ñW<�7Sñ � 7Sñ \ 7�ó ò 7Sá=3

if twightZoneFlow==TRUEó*ã ¢ Þ�Pwz è if forcing is a realó*ã ¢ Þ�Pwz è 1 ó ò 3
if forcing is a realArraywith 1 arraydimensionó*ã ¢ Þ�Pwz è 1 ó ò 7,�4P�{$}=7 � � P��^7 è ¢ Pà{�3 if forcing is a realArraythatis big enoughó*ã ¢ Þ�Pwz è 1]ñW<�7Sñ � 7Sñ \ 7�ó ò 3
if forcing is agridFunction

To imposethis conditionthematrixof coefficientsfor

� 1 : 3Qñ � ì 15<�° \ 3 c�b
is formed...

4.2.15 generalizedDivergence

Thisboundaryconditioncanbeusedto setthedivergence,bdc ­ 
Àè , of vectorgrid function,or moregenerallyto set

� 1 : 3 [ 1 : 3 � ��� 14<�3 [ 15<�3 � ��� 1 � 3 [ 1 � 3 � 
Àè
Note that this is a single condition imposedon a vector. The valuesof the vector ì are found in the array bcParame-
ters.a(0:) . If bcParameters.a is not dimensionedthenby default ì 
 14<�7=<�7=<�3

(in which casethis conditionsetsthe
divergence: bÐc ­ 
Àè ).
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If [Íò specifiesmorevaluesthanthe numberof spacedimensionsthenthe extra valuesareignored. The forcing for this
boundaryconditionis determinedfrom

è_

� 1 : ° � 3 c } % [Íú ¢ � {ô1Q� è 7Sñ�<�7Sñ � 7 ñ \ 7,ó ò 1 : 3 7Sá=3

if twightZoneFlow==TRUEó2ã ¢ Þ�Pwz è if forcing is a realì c ó*ã ¢ Þ�Pwz è 1 ó ò 3
if forcing is a realArrayó2ã ¢ Þ�Pwz è 1]ñ�<^7 ñ � 7Sñ \ 3
if forcing is ascalargridFunctionì c ó*ã ¢ Þ�Pwz è 1]ñW<�7Sñ � 7Sñ \ 7,ó ò 3
if forcing is avectorgridFunction

NOTE: This boundaryconditionusessomevalueson the ghostlinesof adjacentboundarieswhenapplyingthis equationat
corners.Thusyou must make sure that ghostlinevalueson adjacent boundarieshave beenassignedbeforeapplyingthis
boundarycondition.
Method: In thecaseof arectangulargrid thisconditionis rathereasyto apply. For example,for theboundarywith � 
 constant
andasecond-orderdifferenceapproximationwewouldsolve

� 1 : 3 �k§ � [ 1 : 3 å � 1 : 3 1 [ 1 : 3 � � � V [ 1 : 3M� ¤ � 3� ¡ � 
 V � 14<�3 ��§ � � [ 14<�3*V � 1 � 3 ��§ � [ 1 � 3 � è
for thevalueon theghostline, [ 1 : 3 � ¤ � (left edge)or [ 1 : 3 � � � (right edge).Here

� § �
,
� § �

and
� § �

arethecentereddifference
operatorsin the � 7 � 7 	 V directions.

For a generalcurvilineargrid we mustprojectthevaluesof
­

on theghostline sotheconditionis satisfied.To do this we
form thediscreteapproximationto

� 1 : 3 [ 1 : 3 � ��� 14<�3 [ 15<�3 � ��� 1 � 3 [ 1 � 3 � 
Àè
on theboundary. Thisgivesastenciloperatorateachboundarypoint 	�
 1QP � 7 P R 7SPS��3 of theform



� 
 c ­
� � 
 
Àè � 7�� 
 1Q� � 7S� R 7S�ð�$3

wherefor a27point stencil(or 9 point in 2D) eachcomponentof
�

rangesover
V¾< x ��� x � <

. (Notethatthecornerpoints
in thestencil � 
 areactuallyzerosinceonly first derivativesappearin this boundarryconditionsothestencilis really 7 point
(or 5 point).) If we solve this equationfor theunknown valueof � 
 c ­
� � 
 on theghostpoint, say, ��� ¤ ��� § � §�� c ­ � � � ¤ ��� § � §�� , in
termsof theknown valuesof

­
on theboundaryandtheinterior thenweareled to theequation

��� ¤ ��� § � §�� c ­ � � � ¤ ��� § � §�� 
�è � V 
 ýþ � ¤ � � § � §�� � 
 c ­�� � 
 (2)

thatmustbesatisfied.Thisequationlooksjust likeour ì c ­ 
Àè boundaryconditionsowecanapplythesameformula

­��¾î ­�� VX1 Úï V ì c ­�� 3 ìä ì ä R
whereì 
 ��� ¤ ��� § � §�� and Úï is theright handsideof (2). Notethatweareableto changetheappropriatecomponentof

­ � ¤ ��� § � §��
withouthaving to decomposetheoperatorinto tangentialandnormalcomponents.

4.3 extrapolateInterpolationNeighbours

Extrapolatetheunusedpointsthat lie next to interpolationpoints.This boundaryconditionis usefulif onehasa secondorder
methodwith fourth-orderartificial viscosity. This routinewill fill in valuesneededby the larger stencilof the fourth-order
artificial viscosity. This is oftenagoodenoughsolution,ratherthancreatinganoverlappinggrid with two linesof interpolation
(discretizationwidth = 5).

Note: the ”corners”next to interpolationpointsarenot assigned,only theneighboursthat lie alongoneof thecoordinate
directions.Sothepointsmarked”e” below areassigned

e e e
e I I I e=extrapolate

e I I X X I= interpolation pt
e I X X X X= discretaization pt
e I X X X
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4.4 Boundary conditionsat corners (and edgesin 3D)

Thecornersof agrid areassignedby finishBoundaryConditions . By default thecornersareextrapolatedbut thereare
other� optionsfor assigningthecornersgivenby thefollowing enumfoundin theBoundaryConditionParameters class

enum CornerBoundaryConditionEnum
{

extrapolateCorner,
symmetryCorner,
taylor2ndOrder

};

To settheconditionsusedon a particularcornerfirst setthepropertyin a BoundaryConditionParametersobjectandthenuse
thisobjectwhenassigningboundaryconditions:

bcParams.setCornerBoundaryCondition(cornerBC,side1,side2,side3);

Hereside1 ,side2 ,side3 equaloneof 
 V�<�7 : 7=<
. If all threevaluesarefrom : 7=<

thenthis definesa corner. If oneof the
valuesis

V¾<
thenthisdefinesanedgealongthataxis.

Thesymmetry boundaryconditionsets

[ 15V�<�7�V¾<�7�V�<�3 
 [ 14<^7^<^7^<�3
etc.

Thetaylor2ndOrder boundaryconditionuses(in 2D)

[ 1 � <�7 � <�3 
 [ 1 : 7 : 3 � ¡ ¢ [ � � ¡ � [��¦� ¡£¢ R ¹ � [ �4� � ¡£¢�¡ � [ � �¦� ¡ � R ¹ � [����¦� %�%,%[ 15V�<�7�V¾<�3 
 [ 1 : 7 : 3*V ¡ ¢ [ � V ¡ � [��¦� ¡£¢ R ¹ � [ �4� � ¡£¢�¡ � [ � �¦� ¡ � R ¹ � [����¦� %�%,%[ 15V�<�7�V¾<�3 
 [ 14<�7=<�3*V � ¡£¢ [ � V � ¡ � [��¨��× 1 ¡£¢ � � %,%,% 3[ � 
 1 [ 14<�7 : 3WV [ 15V�<�7 : 343 ¹U1 � ¡£¢ 3 ��× 1 ¡£¢ R 3
to give theapproximation

[ 15V�<�7�V¾<�3 
 [ 14<�7=<�3*VX1 [ 14<�7 : 3*V [ 15V¾<^7 : 343*VZ1 [ 1 : 7=<�3*V [ 1 : 7�V¾<�353
The taylor2ndOrder boundaryconditionwill reduceto a symmetryboundaryconditionif the neighbouringpointsalso
satisfythesymmetrycondition.

4.5 BoundaryConditionParameters: passingoptional parametersfor boundary conditions

Use this classto passoptional parametersto the boundarycondition routines. Seesection(4.1) for an examplecodethat
demonstratestheuseof this class.

4.5.1 Applying a boundary condition to a portion of a boundary

Normally a boundaryconditionis appliedto thewholeside(or face).To applya givenboundaryconditionto only somepart
of asideonecanusethemask arraythatlivesin theBoundaryConditionParametersobject.

4.5.2 constructor

BoundaryConditionParameters()

Description: Thisclassis usedto passoptionalparametersto theboundaryconditionroutines.

Optional parameters: Thefollowing parametersarepublicmembersof this class:

int lineToAssign: applyDirichlet BC on this line.

int orderOfExtrapolation: orderof extrapolationfor variousBC’s. A value¡ 0 meansuseorderOfExtrapolation=3for
2nd-orderaccuracy andorderOfExtrapolation=5for fourthorder

int orderOfInter polation: notusedyet(?)
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int ghostLineToAssign: assignthisghostline (variousbc’s)

IntegerArray components: holdscomponentsto assignfor variousBC’s

IntegerArray uComponents,fComponents:holdscomponentsto assignfor variousBC’s

RealArray a,b0,b1,b2,b3: holdparametersfor variousBC’s

int useMask : if TRUE usethemask(below) to determinewhereboundaryconditionsshouldbeapplied.

IntegerArray mask : supplya maskarray to indicatewherethe BC’s shouldbe applied. This array is only usedif
useMask=TRUE.

Example: Thisexampleshows how to extrapolateto order4:

BoundaryConditionParameters bcParams;
bcParams.orderOfExtrapolation=4;
...
int wall=3;
real value=0., time=0.;
u.applyBoundaryCondition(0,BCTypes::extrapolate,wall,value,time,bc Params);
....

4.5.3 setCornerBoundaryCondition

int
setCornerBoundaryCondition( CornerBoundaryConditionEnum bc )

Description: Specifytheboundaryconditionsfor thecornersandedges.

bc (input) : usethisboundaryconditiononall cornersandedges.

4.5.4 setCornerBoundaryCondition

int
setCornerBoundaryCondition( CornerBoundaryConditionEnum bc, int side1,int side2,int side3= -1)

Description: Specifytheboundaryconditionsfor thecornersandedges.

bc (input) : usethisboundaryconditionon thespecifiedcorneror edge.

side1,side2,side3(input): To indicatea corner, eachof side1,side2,andside3shouldbeeither0 or 1; thecornerwill thenbe1 ¢ � 
 �4P�{$}�<^7 ¢ R 
 �5Pà{U} � 7 ¢ � 
 �5Pà{$} \ 3
. To indicateanedgesetoneof side1,side2,side3to be

V�<
andtheothersto be0

or 1. If side1==-1thentheedgewill beparallelto axis1:
1 ¢ � 
 Ø : 7=< Ù 7 ¢ R 
 �4P�{$} � 7 ¢ � 
 �4P�{$} \ 3

. if side2==-1thenthe
edgewill beparallelto axis2:

1 ¢ � 
 �5Pà{$}=7 ¢ R 
 Ø : 7=< Ù 7 ¢ � 
 �5Pà{$} \ 3
etc.

4.5.5 cornerBoundaryCondition

CornerBoundaryConditionEnum
getCornerBoundaryCondition( int side1,int side2,int side3= -1) const

Description: Returntheboundaryconditionthatappliesto acorneror edge.

4.5.6 setUseMask

int
setUseMask(inttrueOrFalse=TRUE)

Description: Turnon (or off) theuseof themaskarrayfor selectively applyingboundaryconditionsat certainpoints.
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4.5.7 getUseMask

int
getUseMask()� const

Description: Returnthecurrentvalueof theuseMaskflag.

4.5.8 mask()

intArray &
mask()

Description: Returna referenceto the boundaryconditionmaskarray. It is up to the userto dimensionthis arrayto be the
correctsize.

If setUseMask(true)hasbeencalledthenany boundaryconditionwill only beappliedwherethemaskarrayhasnon-zero
values.

The applyBoundaryConditionroutine will evaluatethe mask on a given side accordingto the value of bcParame-
ters.lineToAssign,by default this will betheboundaryitself.

getGhostIndex( c.indexRange(),side,axis,I1,I2,I3,bcParameters.lineToAssign);
where( mask(I1,I2,I3) )

apply the boundary condition

4.5.9 getVariableCoefficients

RealMappedGridFunction*
getVariableCoefficients()const

Description: Returna pointerto the grid function that waspreviously suppliedthrougha call to setVariableCoeffi-
cients( RealMappedGridFunction & var ) . Do notusethisversionif you initially passedagrid collection
function.

4.5.10 getVariableCoefficients

RealMappedGridFunction*
getVariableCoefficients(constint & grid) const

Description: Returna pointerto the grid function that waspreviously suppliedthrougha call to setVariableCoeffi-
cients( RealGridCollectionFunction & var ) .

grid (input) : returnthemappedGridFunctionfor this componentgrid.

4.5.11 setVariableCoefficients

void
setVariableCoefficients(RealMappedGridFunction & var )

Description: Supply a grid function for variablecoefficients. The meaningof the grid function dependson the boundary
conditionto which it is applied.A referenceto ‘var’ will bekept.

var (input) : coefficient valuesfor a boundaryconditionthatrequiresvariablecoefficients.This grid functioncouldonly live
onasingleboundaryif thereis only oneboundarywherethevaluesareneeded.
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4.5.12 setVariableCoefficients

void
setV� ariableCoefficients(RealGridCollectionFunction & var )

Description: Supply a grid function for variablecoefficients. The meaningof the grid function dependson the boundary
conditionto which it is applied.A referenceto ‘var’ will bekept. NOTE: This grid functionwill take precedenceover
any variablecoefficientsspecifiedthroughthesetVariableCoefficients( RealMappedGridFunction &
var ) , i.e. A GridCollectionFunction will beusedbeforeaMappedGridFunction .

var (input) : coefficient valuesfor a boundaryconditionthatrequiresvariablecoefficients.This grid functioncouldonly live
onasingleboundaryif thereis only oneboundarywherethevaluesareneeded.

4.5.13 setRefinementLevelToSolveFor

void
setRefinementLevelToSolveFor( int level )

Description:

level (input) : indicatethataparticularrefinementlevel is beingsolvedfor.

4.5.14 setBoundaryConditionForcingOption

int
setBoundaryConditionForcingOption( BoundaryConditionForcingOption option )

Description:

option (input) : specifytheform of theright-hand-sdefor theboundarycondition.

4.5.15 getBoundaryConditionForcingOption

BoundaryConditionForcingOption
getBoundaryConditionForcingOption() const

Description:

Return value: theform of theright-hand-sdefor theboundarycondition.

4.6 How to write your own boundary conditions

If you needto assigna boundaryconditionthat is not of theform of oneof the implementedelementaryboundaryconditions
thenyoucanwrite a loopsomethinglike thefollowing

Index Ib1,Ib2,Ib3, I1g,I2g,I3g, I1p,I2p,I3p;
int myBoundaryCondition = ...;

// apply Boundary conditions
for( int axis=0; axis<mg.numberOfDimensions; axis++ )

for( int side=Start; side<=End; side++ )
{ // apply a BC :

if( mg.boundaryCondition(side,axis) == myBoundaryCondition )
{ // Index’s for boundary values:

getBoundaryIndex(mg.gridIndexRange,side,axis,Ib1,Ib2,Ib3);
// Index’s for first ghost line
getGhostIndex(mg.gridIndexRange,side,axis,Ig1,Ig2,Ig3,1);
// Index’s for first interior line
getGhostIndex(mg.gridIndexRange,side,axis,Ip1,Ip2,Ip3,-1);

u(Ib1,Ib2,Ib3)=...; // set boundary values
u(Ig1,Ig2,Ig3)=u(Ip1,Ip2,Ip3); // set ghost values to first line in

}
}
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5 Implicit operatorsand CoefficientMatrices

TheMappedGridOperator functionssuchaslaplacianCoefficient , xCoefficient etc.generatea“coefficient-
matrix” (sparsematrix representation)for the indicatedoperator. In this sectionwe describehow coefficient-matricescanbe
createdto defineasystemof equationsfor aPDEboundary-valueproblem.

To createacoefficientmatrix youshouldcreateagrid functionin thefollowing way

MappedGrid mg; // from somewhere
int stencilSize=9; // number of points in the stencil, 9 points assuming 2D
realMappedGridFunction coeff(mg,stencilSize,all,all,all);
coeff.setIsACoefficientMatrix(TRUE,stencilSize);

Fromthisdeclarationweseethetheelementsof thestencilarestoredas

coeff(m,I1,I2,I3) m=0,1,...,stencilSize-1
where

Index I1,I2,I3 : Index’s for the grid function coordinate dimensions

Thusall thecoefficientsof thestencilarestoredin thefirst component.For example,aninepointapproximationto theLaplace
operatormight bestoredas

coeff(6,I1,I2,I3)=0 coeff(7,I1,I2,I3)=1 coeff(8,I1,I2,I3)=0
coeff(3,I1,I2,I3)=1 coeff(4,I1,I2,I3)=-4 coeff(5,I1,I2,I3)=1
coeff(0,I1,I2,I3)=0 coeff(1,I1,I2,I3)=1 coeff(2,I1,I2,I3)=0

Thetypical userwill not needto know exactly how thecoefficientsarestored(indeed,thereis morethanonestorageformat).
This representationof the sparsematrix shouldreally be hidden. It is useful,however, to have an ideaof the format of the
matrix coefficientarray. Theactualrepresentationis storedin anobjectof typeSparseRep . Seesection5.7for moredetails.

Oncea coefficient-matrixgrid-functionhasbeendeclared,thesparsematrix representinga PDEboundaryvalueproblem
canbeformedasfollows

MappedGridOperators op(mg); // create some differential operators
op.setStencilSize(stencilSize);
coeff.setOperators(op);

coeff=op.laplacianCoefficients(); // get the coefficients for the Laplace operator
// fill in the coefficients for the boundary conditions
coeff.applyBoundaryConditionCoefficients(0,0,dirichlet,allBoundari es); // equations on boundary
coeff.applyBoundaryConditionCoefficients(0,0,extrapolate,allBounda ries); // equations on the ghost line
coeff.finishBoundaryConditions();

In this examplewe form the Laplaceoperatorwith Dirichlet boundaryconditions. By default oneghost-lineis usedso
we mustsupplyequationsthere. (Seethedescriptionof theMappedGridFunction memberfunctionsetIsACoeffi-
cientMatrix for detailsonhow to changethenumberof ghostlinesthatareused.)Thecoeff grid functioncanbegive to
asparsematrix solver, suchasOges. Seetheexamplesfor moredetails.

Let us consider, in a bit moredetail, what happensin the above example. Let us supposethat the we aredealingwith
a simpleone-dimensionalgrid correspondingto a line on the unit interval andthat we have oneghostline value. After the
line coeff=op.laplacianCoefficients(); is executedthesparsematrix will befilled in (at all interior pointsand
boundarypoints)with adiscreteapproximationto theLaplacian,resultingin a(sparse)representationfor thefollowing matrix

: : : %,%�%�Ò � V RÒ � �Ò � : %,%,%: �Ò � V RÒ � �Ò � : %,%�%: : �Ò � V RÒ � �Ò � :
...

...
. . .

. ..
. . .: �Ò � V RÒ � �Ò �%,%�% : : :

P 
 V¾< 1��! ���e Ä h#"%$ Â 3P 
;:P 
 <P 
 �
...P 
'&P 
'& � < 1��! ���e Ä h%"#$ Â 3

Sofarnoequationis appliedat theghostlines(first andlastrows). Internallythismatrix is storedin asparsefashionwith only
3 valuesstoredperrow (actuallyweneed4 valuesperrow in 1D sincetheextrapolationequationsbelow use4 pointsby default).
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After thedirichletboundaryconditionisappliedwith coeff.applyBoundaryConditionCoefficients(0,0,dirichlet,allBoundari es);
theequationon theboundarywill bereplacedwith theidentityoperator. Theresultingmatrix is

: : : %,%,%: < : : %,%,%: �Ò � V RÒ � �Ò � : %�%,%: : �Ò � V RÒ � �Ò � :
...

...
. . .

. ..
. ..: : < :%,%,% : : :

P 
 V�< 1(�! )��e Ä h%"%$ Â 3P 
;:P 
 <P 
 �
...P 
'&P 
'& � < 1��* )��e Ä h%"%$ Â 3

Finally thevaluesat theghostpointsareassignedusingextrapolation,< V \ \ V¾<
: < : : %,%,%: �Ò � V RÒ � �Ò � : %�%,%: : �Ò � V RÒ � �Ò � :
...

...
.. .

. . .
. ..: : : < :: V¾< \ V \ <

P 
 V�< 1(�! )��e Ä h%"%$ Â 3P 
;:P 
 <P 
 �
...P 
'&P 
'& � < 1��* )��e Ä h%"%$ Â 3

If wewantedto applyaNeumannboundaryconditionwecouldhave said

coeff=op.laplacianCoefficients(); // get the coefficients for the Laplace operator
coeff.applyBoundaryConditionCoefficients(0,0,neumann,allBoundaries ); // equations on the ghost line
coeff.finishBoundaryConditions();

whichwould resultin thefollowing matrix:�R Ò : V �R Ò : %,%�%�Ò � V RÒ � �Ò � : %,%�%: �Ò � V RÒ � �Ò � : %,%,%: : �Ò � V RÒ � �Ò � :
...

...
. ..

. . .
. ..: �Ò � V RÒ � �Ò �%,%�% : V �R Ò : �R Ò

P 
 V�< 1��* )��e Ä h%"%$ Â 3P 
;:P 
 <P 
 �
...P 
'&P 
'& � < 1��! ���e Ä h#"%$ Â 3

Notethattheequationis appliedon theboundaryandtheNeumannconditionis theequationthatsitsa theghostline.
Givenoneof theabove matricesit is now apparenthow we mustfill-in theright-hand-sidefunctionwhenwe aregoingto

solve a problem.In thedirichlet boundaryconditioncasewe shouldgive theRHSfor theLaplaceoperator, [ ��� 
 ó�1 � 3
at all

interior pointsandthedirichlet BC values,[ 
�è 1 � 3
, on theboundary(by default theOgessolver will fill in zerovaluesat all

extrapolationequations,otherwisewewouldhave to settheghostline valuesto zero).< V \ \ V�<
: < : : %,%�%: �Ò � V RÒ � �Ò � : %,%,%: : �Ò � V RÒ � �Ò � :
...

...
. ..

. . .
. . .: : : < :: V�< \ V \ <

[ ¤ �[ §
[ �[ R
...[�+[�+ � �




:è 1 � § 3óW1 � � 3óW1 � R 3
...è 1 � + 3
:

In theneumanncasewe shouldgive theRHSfor theLaplaceoperatorat theinterior and theboundaryandwe shouldgive the
RHSfor theneumanncondition,

� [ ¹ � z 
 ß&1 � 3
, at theghostline. In this casetheRHSvectorwould look like�R Ò : V �R Ò :: < : : %,%,%: �Ò � V RÒ � �Ò � : %�%,%: : �Ò � V RÒ � �Ò � :

...
...

. . .
. ..

. ..: : : < :: : V �R Ò : �R Ò

[ ¤ �[ §
[ �[ R
...[�+[�+ � �




ß&1 � § 3ó�1 � § 3ó�1 � � 3ó�1 � R 3
...ó�1 � + 3ß&1 � + 3
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For a systemof equationsthesituationis a bit morecomplicatedbut asfor a singleequationall coefficientsof thestencil
appearin thefirst component.

MappedGridOperators op(mg); // create some operators
op.setStencilSize(stencilSize);
op.setNumberOfComponentsForCoefficients(numberOfComponentsForCoeff icients);
coeff.setOperators(op);

// Form a system of equations for (u,v)
// a1( u_xx + u_yy ) + a2*v_x = f_0
// a3( v_xx + v_yy ) + a4*u_y = f_1
// BC’s: u=given on all boundaries
// v=given on inflow
// v.n=given on walls
const int a1=1., a2=2., a3=3., a4=4.;
// const int a1=1., a2=0., a3=1., a4=0.;

coeff=a1*op.laplacianCoefficients(all,all,all,0,0)+a2*op.xCoeffic ients(all,all, all ,0, 1)
+a3*op.laplacianCoefficients(all,all,all,1,1)+a4*op.yCoefficients (all,all,all,1, 0) ;

coeff.applyBoundaryConditionCoefficients(0,0,dirichlet, allBoundaries);
coeff.applyBoundaryConditionCoefficients(0,0,extrapolate,allBounda ries);
// coeff.display("Here is coeff after dirichlet/extrapolate BC’s for (0) ");

coeff.applyBoundaryConditionCoefficients(1,1,dirichlet, inflow);
coeff.applyBoundaryConditionCoefficients(1,1,extrapolate,inflow);
coeff.applyBoundaryConditionCoefficients(1,1,neumann, wall);
// coeff.display("Here is coeff with dirichlet (0) and neumann BC’s on wall (1)");

coeff.finishBoundaryConditions();

Seeexample2 for moredetails.

5.1 Poisson’s equationon a MappedGrid
In thisexamplewesolvePoisson’s equationonaMappedGrid(file Overture/examples/tcm.C )

1 //================================================================= ============= =
2 // Coefficient Matrix Example
3 // Solve Poisson’s equation on a MappedGrid
4 // o first solve with Dirichlet BC’s
5 // o secondly solve with Dirichlet on some sides and Neumann on others
6 //================================================================= =============
7 #include "Overture.h"
8 #include "MappedGridOperators.h"
9 #include "Oges.h"

10 #include "SquareMapping.h"
11 #include "OGPolyFunction.h"
12
13 #define ForBoundary(side,axis) for( axis=0; axis<mg.numberOfDimensions(); axis++ ) \
14 for( side=0; side<=1; side++ )
15 int
16 main(int argc, char *argv[])
17 {
18 Overture::start(argc,argv); // initialize Overture
19
20 int n=11;
21 // cout << "Enter Oges::debug, n (number of grid lines)\n";
22 // cin >> Oges::debug >> n;
23
24 // make some shorter names for readability
25 BCTypes::BCNames dirichlet = BCTypes::dirichlet,
26 neumann = BCTypes::neumann,
27 extrapolate = BCTypes::extrapolate,
28 allBoundaries = BCTypes::allBoundaries;
29
30 SquareMapping map;
31 int numberOfGridLines=n;
32 map.setGridDimensions(axis1,numberOfGridLines);
33 map.setGridDimensions(axis2,numberOfGridLines);
34
35 MappedGrid mg(map);
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36 int side;
37 for( side=Start; side<=End; side++ )
38 {
39 mg.setNumberOfGhostPoints(side,axis1,2);
40 }
41 mg.update(MappedGrid::THEvertex | MappedGrid::THEcenter | MappedGrid::THEvertexBoundaryNormal);
42 // label boundary conditions
43 const int inflow=1, outflow=2, wall=3;
44 mg.boundaryCondition()(Start,axis1)=inflow;
45 mg.boundaryCondition()(End ,axis1)=outflow;
46 mg.boundaryCondition()(Start,axis2)=wall;
47 mg.boundaryCondition()(End ,axis2)=wall;
48
49 // create a twilight-zone function for checking errors
50 int degreeOfSpacePolynomial = 2;
51 int degreeOfTimePolynomial = 1;
52 int numberOfComponents = mg.numberOfDimensions();
53 OGPolyFunction exact(degreeOfSpacePolynomial,mg.numberOfDimensions(),numberOfCo mponents,
54 degreeOfTimePolynomial);
55
56
57 // make a grid function to hold the coefficients
58 Range all;
59 int stencilSize=int( pow(3,mg.numberOfDimensions()) );
60 realMappedGridFunction coeff(mg,stencilSize,all,all,all);
61 coeff.setIsACoefficientMatrix(TRUE,stencilSize);
62
63 // create grid functions:
64 realMappedGridFunction u(mg),f(mg);
65
66 MappedGridOperators op(mg); // create some differential operators
67 op.setStencilSize(stencilSize);
68 coeff.setOperators(op);
69
70 coeff=op.laplacianCoefficients(); // get the coefficients for the Laplace operator
71 if( Oges::debug & 64 )
72 coeff.display("Here is coeff=laplacianCoefficients");
73
74 // fill in the coefficients for the boundary conditions
75 coeff.applyBoundaryConditionCoefficients(0,0,dirichlet,allBoundari es);
76 coeff.applyBoundaryConditionCoefficients(0,0,extrapolate,allBounda ries);
77 coeff.finishBoundaryConditions();
78
79 Oges solver( mg ); // create a solver
80 solver.setCoefficientArray( coeff ); // supply coefficients
81
82 // assign the rhs: u.xx+u.yy=f, u=exact on the boundary
83 Index I1,I2,I3, Ia1,Ia2,Ia3;
84 getIndex(mg.indexRange(),I1,I2,I3);
85
86 f(I1,I2,I3)=exact.xx(mg,I1,I2,I3,0)+exact.yy(mg,I1,I2,I3,0);
87 int axis;
88 Index Ib1,Ib2,Ib3;
89 ForBoundary(side,axis)
90 {
91 if( mg.boundaryCondition()(side,axis) > 0 )
92 {
93 getBoundaryIndex(mg.gridIndexRange(),side,axis,Ib1,Ib2,Ib3);
94 f(Ib1,Ib2,Ib3)=exact(mg,Ib1,Ib2,Ib3,0);
95 }
96 }
97
98 solver.solve( u,f ); // solve the equations
99

100 // u.display("Here is the solution to u.xx+u.yy=f");
101 real error=0.;
102 error=max(error,max(abs(u(I1,I2,I3)-exact(mg,I1,I2,I3,0))) );
103 printf("Maximum error with dirichlet bc’s= %e\n",error);
104
105
106 // -----------------------
107 // ----- Neumann BC’s ----
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108 // -----------------------
109
110 mg.boundaryCondition()(Start,axis1)=wall;
111 mg.boundaryCondition()(End ,axis1)=wall;
112 mg.boundaryCondition()(Start,axis2)=wall;
113 mg.boundaryCondition()(End ,axis2)=wall;
114
115 coeff=op.laplacianCoefficients(); // get the coefficients for the Laplace operator
116 // fill in the coefficients for the boundary conditions
117 coeff.applyBoundaryConditionCoefficients(0,0,dirichlet, inflow);
118
119 coeff.applyBoundaryConditionCoefficients(0,0,extrapolate,inflow);
120
121 coeff.applyBoundaryConditionCoefficients(0,0,dirichlet, outflow);
122 coeff.applyBoundaryConditionCoefficients(0,0,extrapolate,outflow) ;
123
124 coeff.applyBoundaryConditionCoefficients(0,0,neumann, wall);
125 coeff.finishBoundaryConditions();
126
127 f(I1,I2,I3)=exact.xx(mg,I1,I2,I3,0)+exact.yy(mg,I1,I2,I3,0);
128
129 Index Ig1,Ig2,Ig3;
130 bool singularProblem=TRUE;
131 ForBoundary(side,axis)
132 {
133 if( mg.boundaryCondition()(side,axis) ==wall )
134 { // for Neumann BC’s -- fill in f on first ghostline
135 getBoundaryIndex(mg.gridIndexRange(),side,axis,Ib1,Ib2,Ib3);
136 getGhostIndex(mg.gridIndexRange(),side,axis,Ig1,Ig2,Ig3);
137 realArray & normal = mg.vertexBoundaryNormal(side,axis);
138 if( mg.numberOfDimensions()==2 )
139 f(Ig1,Ig2,Ig3)=
140 normal(Ib1,Ib2,Ib3,0)*exact.x(mg,Ib1,Ib2,Ib3,0)
141 +normal(Ib1,Ib2,Ib3,1)*exact.y(mg,Ib1,Ib2,Ib3,0);
142 else
143 f(Ig1,Ig2,Ig3)=
144 normal(Ib1,Ib2,Ib3,0)*exact.x(mg,Ib1,Ib2,Ib3,0)
145 +normal(Ib1,Ib2,Ib3,1)*exact.y(mg,Ib1,Ib2,Ib3,0)
146 +normal(Ib1,Ib2,Ib3,2)*exact.z(mg,Ib1,Ib2,Ib3,0);
147 }
148 else if( mg.boundaryCondition()(side,axis) ==inflow || mg.boundaryCondition()(side,axis) ==outflow )
149 {
150 singularProblem=FALSE;
151 getBoundaryIndex(mg.gridIndexRange(),side,axis,Ib1,Ib2,Ib3);
152 f(Ib1,Ib2,Ib3)=exact(mg,Ib1,Ib2,Ib3,0);
153 }
154 }
155
156 // if the problem is singular Oges will add an extra constraint equation to make the system nonsingular
157 if( singularProblem )
158 solver.set(OgesParameters::THEcompatibilityConstraint,TRUE);
159 // Tell the solver to refactor the matrix since the coefficients have changed
160 solver.setRefactor(TRUE);
161 // we need to reorder too because the matrix changes a lot for the singular case
162 solver.setReorder(TRUE);
163
164 if( singularProblem )
165 {
166 // we need to first initialize the solver before we can fill in the rhs for the compatbility equation
167 solver.initialize();
168 int ne,i1e,i2e,i3e,gride;
169 solver.equationToIndex( solver.extraEquationNumber(0),ne,i1e,i2e,i3e,gride);
170 getIndex(mg.dimension(),I1,I2,I3);
171 f(i1e,i2e,i3e)=sum(solver.rightNullVector[0](I1,I2,I3)*exact( mg,I1,I2,I3,0,0.)) ;
172 }
173
174 solver.solve( u,f ); // solve the equations
175 getIndex(mg.indexRange(),Ia1,Ia2,Ia3,1); // include ghost points
176 // mg.indexRange().display("Here is mg.indexRange()");
177 // Ia1.display("Here is Ia1");
178
179 error=max(error,max(abs(u(Ia1,Ia2,Ia3)-exact(mg,Ia1,Ia2,Ia3,0 ))));
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180 // abs(u(Ia1,Ia2,Ia3)-exact(mg,Ia1,Ia2,Ia3,0)).display("abs(er ror)");
181 printf("Maximum error with neumann bc’s= %e\n",error);
182
183
184 Overture::finish();
185 return(0);
186 }
187

5.2 Systemsof Equationson a MappedGrid

In thegeneralcaseonecandefineamatrix for aboundary-valueproblemfor asystemof equations....
In this examplewegeneratethematrix correspondingto thefollowing systemof equations

� � ¡ [_��� R-, � V [ 
 è §� � ¡ , ��� ³ [ � 
 è �
[ 
Àè § 7 , » 
Àè � on theboundary

Notetheuseof the identityCoefficents operator.
(file Overture/examples/tcm2.C )

1 //================================================================= ============= =
2 // Coefficient Matrix Example
3 // Solve a system of equations on a MappedGrid
4 //================================================================= =============
5 #include "Overture.h"
6 #include "MappedGridOperators.h"
7 #include "Oges.h"
8 #include "SquareMapping.h"
9 #include "AnnulusMapping.h"

10 #include "OGPolyFunction.h"
11 #include "display.h"
12
13 #define ForBoundary(side,axis) for( axis=0; axis<mg.numberOfDimensions(); axis++ ) \
14 for( side=0; side<=1; side++ )
15 int
16 main(int argc, char *argv[])
17 {
18 Overture::start(argc,argv); // initialize Overture
19 // cout << "Enter Oges::debug\n"; cin >> Oges::debug;
20
21 // make some shorter names for readability
22 BCTypes::BCNames dirichlet = BCTypes::dirichlet,
23 neumann = BCTypes::neumann,
24 extrapolate = BCTypes::extrapolate,
25 allBoundaries = BCTypes::allBoundaries;
26
27 // AnnulusMapping map; // switch this with the line below to get an Annulus
28 SquareMapping map;
29 map.setGridDimensions(axis1,5);
30 map.setGridDimensions(axis2,5);
31
32 MappedGrid mg(map);
33 mg.update(MappedGrid::THEvertex | MappedGrid::THEcenter | MappedGrid::THEvertexBoundaryNormal);
34
35 // label boundary conditions
36 const int inflow=1, wall=2;
37 mg.boundaryCondition()(Start,axis1)=inflow;
38 mg.boundaryCondition()(End ,axis1)=inflow;
39 mg.boundaryCondition()(Start,axis2)=wall;
40 mg.boundaryCondition()(End ,axis2)=wall;
41
42 // create a twilight-zone function for checking errors
43 int degreeOfSpacePolynomial = 2;
44 int degreeOfTimePolynomial = 1;
45 int numberOfComponents = mg.numberOfDimensions();
46 OGPolyFunction exact(degreeOfSpacePolynomial,mg.numberOfDimensions(),numberOfCo mponents,
47 degreeOfTimePolynomial);
48
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49 // make a grid function to hold the coefficients
50 Range all;
51 int stencilSize=int( pow(3,mg.numberOfDimensions()) );
52 int numberOfComponentsForCoefficients=2;
53 int stencilDimension=stencilSize*SQR(numberOfComponentsForCoefficients );
54 realMappedGridFunction coeff(mg,stencilDimension,all,all,all);
55 // make this grid function a coefficient matrix:
56 int numberOfGhostLines=1; // we will solve for values including the first ghostline
57 coeff.setIsACoefficientMatrix(TRUE,stencilSize,numberOfGhostLines, numberOfComponent sFo rCo eff ici ent s);
58 coeff=0.;
59
60 MappedGridOperators op(mg); // create some operators
61 op.setStencilSize(stencilSize);
62 op.setNumberOfComponentsForCoefficients(numberOfComponentsForCoeff icients);
63 coeff.setOperators(op);
64
65 // Form a system of equations for (u,v)
66 // a1( u_xx + u_yy ) + a2*v_x - u = f_0
67 // a3( v_xx + v_yy ) + a4*u_y = f_1
68 // BC’s: u=given on all boundaries
69 // v=given on inflow
70 // v.n=given on walls
71 const real a1=1., a2=2., a3=3., a4=4.;
72 // const real a1=1., a2=0., a3=1., a4=0.;
73
74 const int eqn0=0; // labels equation 0
75 const int eqn1=1; // labels equation 1
76 const int uc=0, vc=1; // labels for the u and v components
77 coeff=a1*op.laplacianCoefficients(all,all,all,eqn0,uc)+a2*op.xCoe fficients(all ,al l, all ,eq n0, vc)
78 -op.identityCoefficients(all,all,all,eqn0,uc)
79 +a3*op.laplacianCoefficients(all,all,all,eqn1,vc)+a4*op.yCoeffici ents(all,all, all ,eq n1, uc) ;
80 if( Oges:: debug & 4 )
81 display(coeff,"Here is coeff after assigning interior equations ","%5.2f ");
82
83 coeff.applyBoundaryConditionCoefficients(0,0,dirichlet, allBoundaries);
84 coeff.applyBoundaryConditionCoefficients(0,0,extrapolate,allBounda ries);
85 if( Oges:: debug & 4 )
86 display(coeff,"Here is coeff after dirichlet/extrapolate BC’s for (0) ","%5.2f ");
87
88 coeff.applyBoundaryConditionCoefficients(1,1,dirichlet, inflow);
89 coeff.applyBoundaryConditionCoefficients(1,1,extrapolate,inflow);
90 coeff.applyBoundaryConditionCoefficients(1,1,neumann, wall);
91
92 if( Oges:: debug & 4 )
93 display(coeff,"Here is coeff with dirichlet (0) and neumann BC’s on wall (1)","%5.2f ");
94
95 coeff.finishBoundaryConditions();
96
97 realMappedGridFunction u(mg,all,all,all,2),f(mg,all,all,all,2);
98
99 Oges solver( mg ); // create a solver

100 solver.setCoefficientArray( coeff ); // supply coefficients to solver
101
102 // assign the right-hand-side
103 Index I1,I2,I3;
104 getIndex(mg.indexRange(),I1,I2,I3);
105 f(I1,I2,I3,0)=a1*(exact.xx(mg,I1,I2,I3,0)+exact.yy(mg,I1,I2,I 3,0))+a2*exact.x( mg, I1 ,I2 ,I3 ,1) -ex act (mg,I1 ,I2 ,I3 ,0) ;
106 f(I1,I2,I3,1)=a3*(exact.xx(mg,I1,I2,I3,1)+exact.yy(mg,I1,I2,I 3,1))+a4*exact.y( mg, I1 ,I2 ,I3 ,0) ;
107
108 int side,axis;
109 Index Ib1,Ib2,Ib3;
110 Index Ig1,Ig2,Ig3;
111 ForBoundary(side,axis)
112 {
113 if( mg.boundaryCondition()(side,axis) > 0 )
114 {
115 getBoundaryIndex(mg.gridIndexRange(),side,axis,Ib1,Ib2,Ib3);
116 f(Ib1,Ib2,Ib3,0)=exact(mg,Ib1,Ib2,Ib3,0);
117 if( mg.boundaryCondition()(side,axis)==inflow )
118 {
119 f(Ib1,Ib2,Ib3,1)=exact(mg,Ib1,Ib2,Ib3,1);
120 }
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121 else
122 {
123 // for Neumann BC’s -- fill in f on first ghostline
124 getGhostIndex(mg.gridIndexRange(),side,axis,Ig1,Ig2,Ig3);
125 realArray & normal = mg.vertexBoundaryNormal(side,axis);
126 if( mg.numberOfDimensions()==2 )
127 f(Ig1,Ig2,Ig3,1)=
128 normal(Ib1,Ib2,Ib3,0)*exact.x(mg,Ib1,Ib2,Ib3,1)
129 +normal(Ib1,Ib2,Ib3,1)*exact.y(mg,Ib1,Ib2,Ib3,1);
130 else
131 f(Ig1,Ig2,Ig3,1)=
132 normal(Ib1,Ib2,Ib3,0)*exact.x(mg,Ib1,Ib2,Ib3,1)
133 +normal(Ib1,Ib2,Ib3,1)*exact.y(mg,Ib1,Ib2,Ib3,1)
134 +normal(Ib1,Ib2,Ib3,2)*exact.z(mg,Ib1,Ib2,Ib3,1);
135 }
136 }
137 }
138
139 if( Oges:: debug & 4 )
140 display(f,"Here is the rhs");
141
142 solver.solve( u,f ); // solve the equations
143
144 getIndex(mg.gridIndexRange(),I1,I2,I3,1);
145
146 display(u,"Here is the solution u","%5.2f ");
147
148 if( Oges:: debug & 4 )
149 display(exact(mg,I1,I2,I3,Range(0,1)),"Here is the exact solution");
150
151 for( int n=0; n<numberOfComponentsForCoefficients; n++ )
152 {
153
154 real error=0.;
155 display(evaluate(abs(u(I1,I2,I3,n)-exact(mg,I1,I2,I3,n))), "Error including ghost points","%6.2e ");
156
157 error=max(error,max( abs(u(I1,I2,I3,n)-exact(mg,I1,I2,I3,n))));
158 printf("Maximum error for component %i is = %e\n",n,error);
159 }
160
161
162 Overture::finish();
163 return(0);
164 }

5.3 Poisson’s equationon a CompositeGrid
In thisexamplewesolvePoisson’s equtiononaCompositeGrid(file Overture/examples/tcm3.C )

1 //================================================================= ============= =
2 // Coefficient Matrix Example
3 // Using Oges to solve Poisson’s equation on a CompositeGrid
4 //
5 // Usage: ‘tcm3 [<gridName>] [-solver=[yale][harwell][slap][petsc][mg]] [-debug=<value>] -noTiming -check’
6 //
7 // The -check option is used for regression testing -- it will test various solvers on a few grids
8 //================================================================= =============
9 #include "Overture.h"

10 #include "MappedGridOperators.h"
11 #include "Oges.h"
12 #include "CompositeGridOperators.h"
13 #include "SquareMapping.h"
14 #include "AnnulusMapping.h"
15 #include "OGPolyFunction.h"
16 #include "OGTrigFunction.h"
17 #include "SparseRep.h"
18 #include "display.h"
19 #include "Ogmg.h"
20 #include "Checker.h"
21
22 #define ForBoundary(side,axis) for( axis=0; axis<mg.numberOfDimensions(); axis++ ) \
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23 for( side=0; side<=1; side++ )
24
25 bool measureCPU=TRUE;
26 real
27 CPU()
28 // In this version of getCPU we can turn off the timing
29 {
30 if( measureCPU )
31 return getCPU();
32 else
33 return 0;
34 }
35
36 int
37 main(int argc, char **argv)
38 {
39 Overture::start(argc,argv); // initialize Overture
40
41 const int maxNumberOfGridsToTest=3;
42 int numberOfGridsToTest=maxNumberOfGridsToTest;
43 aString gridName[maxNumberOfGridsToTest] = { "square5", "cic", "sib" };
44 // here are upper bounds on the errors we expect for each grid. This seems the only reliable
45 // way to compare results from different machines, especially for iterative solvers.
46 const real errorBound[maxNumberOfGridsToTest][2][2]=
47 { 5.e-9,2.e-8, 5.e-7,6.e-7, // square, dirichlet/neuman(DP) dir/neu(SP)
48 7.e-4,2.e-3, 7.e-4,2.e-3, // cic
49 6.e-3,7.e-3, 6.e-3,7.e-3 // sib
50 };
51 const int precision = REAL_EPSILON==DBL_EPSILON? 0 : 1;
52
53 int solverType=OgesParameters::yale;
54 aString solver="yale";
55 bool check=false;
56 if( argc > 1 )
57 {
58 for( int i=1; i<argc; i++ )
59 {
60 aString arg = argv[i];
61 if( arg=="-noTiming" )
62 measureCPU=FALSE;
63 else if( arg(0,6)=="-debug=" )
64 {
65 sScanF(arg(7,arg.length()-1),"%i",&Oges::debug);
66 printf("Setting Oges::debug=%i\n",Oges::debug);
67 }
68 else if( arg(0,7)=="-solver=" )
69 {
70 solver=arg(8,arg.length()-1);
71 if( solver=="yale" )
72 solverType=OgesParameters::yale;
73 else if( solver=="harwell" )
74 solverType=OgesParameters::harwell;
75 else if( solver=="petsc" || solver=="PETSc" )
76 solverType=OgesParameters::PETSc;
77 else if( solver=="slap" || solver=="SLAP" )
78 solverType=OgesParameters::SLAP;
79 else if( solver=="mg" || solver=="multigrid" )
80 solverType=OgesParameters::multigrid;
81 else
82 {
83 printf("Unknown solver=%s \n",(const char*)solver);
84 throw "error";
85 }
86
87 printf("Setting solverType=%i\n",solverType);
88 }
89 else if( arg=="-check" )
90 {
91 check=true;
92 }
93 else
94 {
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95 numberOfGridsToTest=1;
96 gridName[0]=argv[1];
97 }
98 }
99 }

100 else
101 cout << "Usage: tcm3 [<gridName>] [-solver=[yale][harwell][slap][petsc][mg]] [-debug=<value>] "
102 "-noTiming -check \n";
103
104
105 if( Oges::debug > 3 )
106 SparseRepForMGF::debug=3;
107
108 aString checkFileName;
109 if( REAL_EPSILON == DBL_EPSILON )
110 checkFileName="tcm3.dp.check.new"; // double precision
111 else
112 checkFileName="tcm3.sp.check.new";
113 Checker checker(checkFileName); // for saving a check file.
114
115
116 // make some shorter names for readability
117 BCTypes::BCNames dirichlet = BCTypes::dirichlet,
118 neumann = BCTypes::neumann,
119 extrapolate = BCTypes::extrapolate,
120 allBoundaries = BCTypes::allBoundaries;
121
122 int numberOfSolvers = check ? 2 : 1;
123 real worstError=0.;
124 for( int sparseSolver=0; sparseSolver<numberOfSolvers; sparseSolver++ )
125 {
126 if( check )
127 {
128 if( sparseSolver==0 )
129 {
130 solver="yale";
131 solverType=OgesParameters::yale;
132 }
133 else
134 {
135 solver="slap";
136 solverType=OgesParameters::SLAP;
137 }
138 }
139
140 checker.setLabel(solver,0);
141
142 for( int it=0; it<numberOfGridsToTest; it++ )
143 {
144 aString nameOfOGFile=gridName[it];
145 checker.setLabel(nameOfOGFile,1);
146
147 cout << "\n *****************************************************************\ n";
148 cout << " ******** Checking grid: " << nameOfOGFile << " ************ \n";
149 cout << " *****************************************************************\ n\n";
150
151 CompositeGrid cg;
152 getFromADataBase(cg,nameOfOGFile);
153 cg.update(MappedGrid::THEvertex | MappedGrid::THEcenter | MappedGrid::THEvertexBoundaryNormal);
154
155 if( Oges::debug >3 )
156 {
157 for( int grid=0; grid<cg.numberOfComponentGrids(); grid++ )
158 displayMask(cg[grid].mask(),"mask");
159 }
160
161 const int inflow=1, outflow=2, wall=3;
162
163 // create a twilight-zone function for checking the errors
164 OGFunction *exactPointer;
165 if( min(abs(cg[0].isPeriodic()(Range(0,cg.numberOfDimensions()- 1))-Mapping::deriva tiv ePerio dic ))= =0 )
166 {
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167 // this grid is probably periodic in space, use a trig function
168 // real fx=2., fy=2., fz=2.;
169 real fx=1., fy=1., fz=1.;
170 // real fx=.5, fy=.5, fz=.5;
171 printf("TwilightZone: trigonometric polynomial, fx=%9.3e, fy=%9.3e, fz=%9.3e\n",fx,fy,fz);
172 exactPointer = new OGTrigFunction(fx,fy,fz);
173 }
174 else
175 {
176 printf("TwilightZone: algebraic polynomial\n");
177 // cg.changeInterpolationWidth(2);
178
179 int degreeOfSpacePolynomial = 2;
180 int degreeOfTimePolynomial = 1;
181 int numberOfComponents = cg.numberOfDimensions();
182 exactPointer = new OGPolyFunction(degreeOfSpacePolynomial,cg.numberOfDimensions(),n umberOfComponen ts,
183 degreeOfTimePolynomial);
184
185
186 }
187 OGFunction & exact = *exactPointer;
188
189 // make a grid function to hold the coefficients
190 Range all;
191 int stencilSize=int(pow(3,cg.numberOfDimensions())+1); // add 1 for interpolation equations
192 realCompositeGridFunction coeff(cg,stencilSize,all,all,all);
193 coeff.setIsACoefficientMatrix(TRUE,stencilSize);
194 coeff=0.;
195
196 // create grid functions:
197 realCompositeGridFunction u(cg),f(cg);
198 f=0.; // for iterative solvers
199
200 CompositeGridOperators op(cg); // create some differential operators
201 op.setStencilSize(stencilSize);
202
203 // op.setTwilightZoneFlow(TRUE);
204 // op.setTwilightZoneFlowFunction(exact);
205
206 f.setOperators(op); // for apply the BC
207 coeff.setOperators(op);
208
209 // cout << "op.laplacianCoefficients().className: " << (op.laplacianCoefficients()).getClassName() << endl;
210 // cout << "-op.laplacianCoefficients().className: " << (-op.laplacianCoefficients()).getClassName() << endl;
211
212 coeff=op.laplacianCoefficients(); // get the coefficients for the Laplace operator
213 // fill in the coefficients for the boundary conditions
214 coeff.applyBoundaryConditionCoefficients(0,0,dirichlet, allBoundaries);
215 coeff.applyBoundaryConditionCoefficients(0,0,extrapolate,allBounda ries);
216
217 coeff.finishBoundaryConditions();
218 // coeff.display("Here is coeff after finishBoundaryConditions");
219
220 if( false )
221 {
222 int grid;
223 for( grid=0; grid<cg.numberOfComponentGrids(); grid++ )
224 {
225 coeff[grid].sparse->classify.display("the classify matrix after applying finishBoundaryConditions()");
226 // coeff[grid].display("this is the coefficient matrix");
227 }
228 }
229
230
231 Oges solver( cg ); // create a solver
232 solver.setCoefficientArray( coeff ); // supply coefficients
233 solver.set(OgesParameters::THEsolverType,solverType);
234 if( solver.isSolverIterative() )
235 {
236 solver.set(OgesParameters::THEpreconditioner,OgesParameters::incom pleteLUPrec ond iti one r);
237 solver.set(OgesParameters::THErelativeTolerance,max(1.e-8,REAL_EP SILON*10.));
238 }
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239
240 // assign the rhs: Laplacian(u)=f, u=exact on the boundary
241 Index I1,I2,I3, Ia1,Ia2,Ia3;
242 int side,axis;
243 Index Ib1,Ib2,Ib3;
244 int grid;
245
246 for( grid=0; grid<cg.numberOfComponentGrids(); grid++ )
247 {
248 MappedGrid & mg = cg[grid];
249 // mg.mapping().getMapping().getGrid();
250 // printf(" signForJacobian=%e\n",mg.mapping().getMapping().getSignForJ acobian());
251
252
253 getIndex(mg.indexRange(),I1,I2,I3);
254
255 if( cg.numberOfDimensions()==1 )
256 f[grid](I1,I2,I3)=exact.xx(mg,I1,I2,I3,0);
257 else if( cg.numberOfDimensions()==2 )
258 f[grid](I1,I2,I3)=exact.xx(mg,I1,I2,I3,0)+exact.yy(mg,I1,I2,I3 ,0);
259 else
260 f[grid](I1,I2,I3)=exact.xx(mg,I1,I2,I3,0)+exact.yy(mg,I1,I2,I3 ,0)+exact.zz(mg, I1, I2, I3, 0);
261
262 ForBoundary(side,axis)
263 {
264 if( mg.boundaryCondition()(side,axis) > 0 )
265 {
266 getBoundaryIndex(mg.gridIndexRange(),side,axis,Ib1,Ib2,Ib3);
267 // f[grid](Ib1,Ib2,Ib3)=exact(mg,Ib1,Ib2,Ib3,0);
268 f[grid].applyBoundaryCondition(0,BCTypes::dirichlet,BCTypes::bound ary(side,axis ),e xac t(m g,I b1, Ib2 ,Ib 3,0 ));
269 }
270 }
271 }
272 // f.applyBoundaryCondition(0,BCTypes::dirichlet,BCTypes::allBoundari es,0.);
273 // f.display("Here is f");
274
275 // Ogmg::debug=7;
276
277 u=0.; // initial guess for iterative solvers
278 real time0=CPU();
279 solver.solve( u,f ); // solve the equations
280 real time=CPU()-time0;
281 printf("\n*** max residual=%8.2e, time for 1st solve of the Dirichlet problem = %8.2e (iterations=%i) ***\n",
282 solver.getMaximumResidual(),time,solver.getNumberOfIterations() );
283
284 // solve again
285 u=0.;
286 time0=CPU();
287 solver.solve( u,f ); // solve the equations
288 time=CPU()-time0;
289 printf("*** max residual=%8.2e, time for 2nd solve of the Dirichlet problem = %8.2e (iterations=%i) ***\n\n",
290 solver.getMaximumResidual(),time,solver.getNumberOfIterations() );
291
292
293 // u.display("Here is the solution to Laplacian(u)=f");
294 real error=0.;
295 for( grid=0; grid<cg.numberOfComponentGrids(); grid++ )
296 {
297 getIndex(cg[grid].indexRange(),I1,I2,I3,1);
298 where( cg[grid].mask()(I1,I2,I3)!=0 )
299 error=max(error, max(abs(u[grid](I1,I2,I3)-exact(cg[grid],I1,I2,I3,0)))/
300 max(abs(exact(cg[grid],I1,I2,I3,0))) );
301 if( Oges::debug & 8 )
302 {
303 realArray err(I1,I2,I3);
304 err(I1,I2,I3)=abs(u[grid](I1,I2,I3)-exact(cg[grid],I1,I2,I3,0 ))/max(abs(exact( cg[ gri d], I1, I2, I3, 0)) );
305 where( cg[grid].mask()(I1,I2,I3)==0 )
306 err(I1,I2,I3)=0.;
307 display(err,"abs(error on indexRange +1)");
308 // abs(u[grid](I1,I2,I3)-exact(cg[grid],I1,I2,I3,0)).display("a bs(error)");
309 }
310 }
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311 printf("Maximum relative error with dirichlet bc’s= %e\n",error);
312 worstError=max(worstError,error);
313
314 checker.setCutOff(errorBound[it][precision][0]); checker.printMessage("dirichlet: error",error,time);
315
316 // ----- Neumann BC’s ----
317
318 coeff=0.;
319 coeff=op.laplacianCoefficients(); // get the coefficients for the Laplace operator
320 // fill in the coefficients for the boundary conditions
321 coeff.applyBoundaryConditionCoefficients(0,0,neumann,allBoundaries );
322 coeff.finishBoundaryConditions();
323
324 Index Ig1,Ig2,Ig3;
325 bool singularProblem=TRUE;
326
327 for( grid=0; grid<cg.numberOfComponentGrids(); grid++ )
328 {
329 MappedGrid & mg = cg[grid];
330 getIndex(mg.indexRange(),I1,I2,I3);
331 if( mg.numberOfDimensions()==1 )
332 f[grid](I1,I2,I3)=exact.xx(mg,I1,I2,I3,0);
333 else if( mg.numberOfDimensions()==2 )
334 f[grid](I1,I2,I3)=exact.xx(mg,I1,I2,I3,0)+exact.yy(mg,I1,I2,I3 ,0);
335 else
336 f[grid](I1,I2,I3)=exact.xx(mg,I1,I2,I3,0)+exact.yy(mg,I1,I2,I3 ,0)+exact.zz(mg, I1, I2, I3, 0);
337 ForBoundary(side,axis)
338 {
339 if( mg.boundaryCondition()(side,axis) > 0 )
340 { // for Neumann BC’s -- fill in f on first ghostline
341 getBoundaryIndex(mg.gridIndexRange(),side,axis,Ib1,Ib2,Ib3);
342 getGhostIndex(mg.gridIndexRange(),side,axis,Ig1,Ig2,Ig3);
343 realArray & normal = mg.vertexBoundaryNormal(side,axis);
344 if( mg.numberOfDimensions()==1 )
345 f[grid](Ig1,Ig2,Ig3)=(2*side-1)*exact.x(mg,Ib1,Ib2,Ib3,0);
346 else if( mg.numberOfDimensions()==2 )
347 f[grid](Ig1,Ig2,Ig3)=
348 normal(Ib1,Ib2,Ib3,0)*exact.x(mg,Ib1,Ib2,Ib3,0)
349 +normal(Ib1,Ib2,Ib3,1)*exact.y(mg,Ib1,Ib2,Ib3,0);
350 else
351 f[grid](Ig1,Ig2,Ig3)=
352 normal(Ib1,Ib2,Ib3,0)*exact.x(mg,Ib1,Ib2,Ib3,0)
353 +normal(Ib1,Ib2,Ib3,1)*exact.y(mg,Ib1,Ib2,Ib3,0)
354 +normal(Ib1,Ib2,Ib3,2)*exact.z(mg,Ib1,Ib2,Ib3,0);
355 }
356 else if( mg.boundaryCondition()(side,axis) ==inflow || mg.boundaryCondition()(side,axis) ==out-

flow )
357 {
358 singularProblem=FALSE;
359 getBoundaryIndex(mg.gridIndexRange(),side,axis,Ib1,Ib2,Ib3);
360 f[grid](Ib1,Ib2,Ib3)=exact(mg,Ib1,Ib2,Ib3,0);
361 }
362 }
363 }
364 // if the problem is singular Oges will add an extra constraint equation to make the system nonsingular
365 if( singularProblem )
366 solver.set(OgesParameters::THEcompatibilityConstraint,TRUE);
367 // Tell the solver to refactor the matrix since the coefficients have changed
368 solver.setRefactor(TRUE);
369 // we need to reorder too because the matrix changes a lot for the singular case
370 solver.setReorder(TRUE);
371
372 if( singularProblem )
373 {
374 // we need to first initialize the solver before we can fill in the rhs for the compatibility equation
375 solver.initialize();
376 int ne,i1e,i2e,i3e,gride;
377
378 solver.equationToIndex( solver.extraEquationNumber(0),ne,i1e,i2e,i3e,gride);
379 // printf("extra equation at (i1,i2,i3,grid)=(%i,%i,%i,%i)\n",i1e,i2e,i3e,gride );
380 // display(solver.rightNullVector[gride],"solver.rightNullVector[grid ]");
381
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382 f[gride](i1e,i2e,i3e)=0.;
383 for( grid=0; grid<cg.numberOfComponentGrids(); grid++ )
384 {
385 getIndex(cg[grid].dimension(),I1,I2,I3);
386 f[gride](i1e,i2e,i3e)+=sum(solver.rightNullVector[grid](I1,I2,I 3)*exact(cg[gri d], I1, I2, I3, 0,0 .)) ;
387 }
388 }
389
390 u=0.; // initial guess for iterative solvers
391 time0=CPU();
392 solver.solve( u,f ); // solve the equations
393 time=CPU()-time0;
394 printf("residual=%8.2e, time for 1st solve of the Neumann problem = %8.2e (iterations=%i)\n",
395 solver.getMaximumResidual(),time,solver.getNumberOfIterations() );
396
397 // turn off refactor for the 2nd solve
398 solver.setRefactor(FALSE);
399 solver.setReorder(FALSE);
400 // u=0.; // initial guess for iterative solvers
401 time0=CPU();
402 solver.solve( u,f ); // solve the equations
403 time=CPU()-time0;
404 printf("residual=%8.2e, time for 2nd solve of the Neumann problem = %8.2e (iterations=%i)\n",
405 solver.getMaximumResidual(),time,solver.getNumberOfIterations() );
406
407 error=0.;
408 for( grid=0; grid<cg.numberOfComponentGrids(); grid++ )
409 {
410 getIndex(cg[grid].indexRange(),I1,I2,I3);
411 where( cg[grid].mask()(I1,I2,I3)!=0 )
412 error=max(error, max(abs(u[grid](I1,I2,I3)-exact(cg[grid],I1,I2,I3,0)))/
413 max(abs(exact(cg[grid],I1,I2,I3,0))) );
414 if( Oges::debug & 32 )
415 {
416 getIndex(cg[grid].dimension(),I1,I2,I3);
417 u[grid].display("Computed solution");
418 exact(cg[grid],I1,I2,I3,0).display("exact solution");
419 abs(u[grid](I1,I2,I3)-exact(cg[grid],I1,I2,I3,0)).display("a bs(error)");
420 }
421 }
422 printf("Maximum relative error with neumann bc’s= %e\n",error);
423 worstError=max(worstError,error);
424
425 checker.setCutOff(errorBound[it][precision][1]); checker.printMessage("neumann: error",error,time);
426 }
427
428 } // end sparseSolver
429
430
431 printf("\n\n ******************************************************************* ************ *** *** *** *** *** **\ n") ;
432 if( worstError > .025 )
433 printf(" ************** Warning, there is a large error somewhere, worst error =%e ******************\n",
434 worstError);
435 else
436 printf(" ************** Test apparently successful, worst error =%e ******************\n",worstError);
437 printf(" ******************************************************************* ********** *** *** *** *** *** *** *** \n\ n") ;
438
439 Overture::finish();
440 return(0);
441 }
442
443

5.4 Systemsof equationson a CompositeGrid
(file Overture/examples/tcm4.C )

1 //================================================================= ============= =
2 // Coefficient Matrix Example
3 // Solve a System of Equations on a CompositeGrid
4 //
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5 // Usage: ‘tcm4 [<gridName>] [-solver=[yale][harwell][slap][petsc]] [-debug=<value>] -noTiming’
6 //================================================================= =============
7 #include "Overture.h"
8 #include "Oges.h"
9 #include "CompositeGridOperators.h"

10 #include "OGPolyFunction.h"
11
12 #define ForBoundary(side,axis) for( axis=0; axis<mg.numberOfDimensions(); axis++ ) \
13 for( side=0; side<=1; side++ )
14 bool measureCPU=TRUE;
15 real
16 CPU()
17 // In this version of getCPU we can turn off the timing
18 {
19 if( measureCPU )
20 return getCPU();
21 else
22 return 0;
23 }
24 int
25 main(int argc, char **argv)
26 {
27 Overture::start(argc,argv); // initialize Overture
28
29 const int maxNumberOfGridsToTest=3;
30 int numberOfGridsToTest=maxNumberOfGridsToTest;
31 aString gridName[maxNumberOfGridsToTest] = { "square5", "cic", "sib" };
32
33 int solverType=OgesParameters::yale;
34 if( argc > 1 )
35 {
36 for( int i=1; i<argc; i++ )
37 {
38 aString arg = argv[i];
39 if( arg=="-noTiming" )
40 measureCPU=FALSE;
41 else if( arg(0,6)=="-debug=" )
42 {
43 sScanF(arg(7,arg.length()-1),"%i",&Oges::debug);
44 printf("Setting Oges::debug=%i\n",Oges::debug);
45 }
46 else if( arg(0,7)=="-solver=" )
47 {
48 aString solver=arg(8,arg.length()-1);
49 if( solver=="yale" )
50 solverType=OgesParameters::yale;
51 else if( solver=="harwell" )
52 solverType=OgesParameters::harwell;
53 else if( solver=="slap" )
54 solverType=OgesParameters::SLAP;
55 else if( solver=="petsc" )
56 solverType=OgesParameters::PETSc;
57 else
58 {
59 printf("Unknown solver=%s \n",(const char*)solver);
60 throw "error";
61 }
62
63 printf("Setting solverType=%i\n",solverType);
64 }
65 else
66 {
67 numberOfGridsToTest=1;
68 gridName[0]=argv[1];
69 }
70 }
71 }
72 else
73 cout << "Usage: ‘tcm4 [<gridName>] [-solver=[yale][harwell][slap][petsc]] [-debug=<value>] -noTiming’ \n";
74
75 // make some shorter names for readability
76 BCTypes::BCNames
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77 dirichlet = BCTypes::dirichlet,
78 neumann = BCTypes::neumann,
79 extrapolate = BCTypes::extrapolate,
80 normalComponent = BCTypes::normalComponent,
81 aDotU = BCTypes::aDotU,
82 generalizedDivergence = BCTypes::generalizedDivergence,
83 generalMixedDerivative= BCTypes::generalMixedDerivative,
84 aDotGradU = BCTypes::aDotGradU,
85 vectorSymmetry = BCTypes::vectorSymmetry,
86 allBoundaries = BCTypes::allBoundaries;
87
88 real worstError=0.;
89 for( int it=0; it<numberOfGridsToTest; it++ )
90 {
91 aString nameOfOGFile=gridName[it];
92
93 cout << "\n *****************************************************************\ n";
94 cout << " ******** Checking grid: " << nameOfOGFile << " ************ \n";
95 cout << " *****************************************************************\ n\n";
96
97 CompositeGrid cg;
98 getFromADataBase(cg,nameOfOGFile);
99 cg.update(MappedGrid::THEvertex | MappedGrid::THEcenter | MappedGrid::THEvertexBoundaryNormal);

100
101 const int inflow=1, outflow=2, wall=3;
102 int grid;
103 for( grid=0; grid<cg.numberOfComponentGrids(); grid++ )
104 {
105 if( cg[grid].boundaryCondition()(Start,axis1) > 0 )
106 cg[grid].boundaryCondition()(Start,axis1)=inflow;
107 if( cg[grid].boundaryCondition()(End ,axis1) > 0 )
108 cg[grid].boundaryCondition()(End ,axis1)=inflow;
109 if( cg[grid].boundaryCondition()(Start,axis2) > 0 )
110 cg[grid].boundaryCondition()(Start,axis2)=wall;
111 if( cg[grid].boundaryCondition()(End ,axis2) > 0 )
112 cg[grid].boundaryCondition()(End ,axis2)=wall;
113 }
114
115 // create a twilight-zone function
116 int degreeOfSpacePolynomial = 2;
117 int degreeOfTimePolynomial = 1;
118 int numberOfComponents = 2;
119 OGPolyFunction exact(degreeOfSpacePolynomial,cg.numberOfDimensions(),numberOfCo mponents,
120 degreeOfTimePolynomial);
121
122 Range all;
123 // make a grid function to hold the coefficients
124 int stencilSize=int( pow(3,cg.numberOfDimensions())+1 ); // add 1 for interpolation equations
125 int stencilDimension=stencilSize*SQR(numberOfComponents);
126 realCompositeGridFunction coeff(cg,stencilDimension,all,all,all);
127 // make this grid function a coefficient matrix:
128 int numberOfGhostLines=1;
129 coeff.setIsACoefficientMatrix(TRUE,stencilSize,numberOfGhostLines, numberOfComponents );
130 coeff=0.;
131
132 // create grid functions:
133 realCompositeGridFunction u(cg,all,all,all,numberOfComponents),
134 f(cg,all,all,all,numberOfComponents);
135
136 CompositeGridOperators op(cg); // create some differential operators
137 op.setNumberOfComponentsForCoefficients(numberOfComponents);
138 u.setOperators(op); // associate differential operators with u
139 coeff.setOperators(op);
140
141 // Solve a system of equations for (u_0,u_1) = (u,v)
142 // a1( u_xx + u_yy ) + a2*v_x = f_0
143 // a3( v_xx + v_yy ) + a4*u_y = f_1
144
145 const real a1=1., a2=2., a3=3., a4=4.;
146 // const real a1=1., a2=0., a3=1., a4=0.;
147
148 Range e0(0,0), e1(1,1); // e0 = first equation, e1=second equation
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149 Range c0(0,0), c1(1,1); // c0 = first component, c1 = second component
150 coeff=a1*op.laplacianCoefficients(e0,c0)+a2*op.xCoefficients(e0, c1)
151 +a3*op.laplacianCoefficients(e1,c1)+a4*op.yCoefficients(e1,c0);
152
153 coeff.applyBoundaryConditionCoefficients(0,0,dirichlet, allBoundaries);
154 coeff.applyBoundaryConditionCoefficients(0,0,extrapolate,allBounda ries);
155
156 coeff.applyBoundaryConditionCoefficients(1,1,dirichlet, allBoundaries);
157 coeff.applyBoundaryConditionCoefficients(1,1,extrapolate,allBounda ries);
158 /* --
159 coeff.applyBoundaryConditionCoefficients(1,1,dirichlet, inflow);
160 coeff.applyBoundaryConditionCoefficients(1,1,extrapolate,inflow);
161 coeff.applyBoundaryConditionCoefficients(1,1,neumann, wall);
162 -- */
163
164 coeff.finishBoundaryConditions();
165 if( Oges::debug & 16 )
166 coeff.display("Here is coeff after finishBoundaryConditions");
167
168 Oges solver( cg ); // create a solver
169 solver.setCoefficientArray( coeff ); // supply coefficients
170 solver.set(OgesParameters::THEsolverType,solverType);
171 if( solverType==OgesParameters::SLAP || solverType==OgesParameters::PETSc )
172 {
173 solver.set(OgesParameters::THEpreconditioner,OgesParameters::incom pleteLUPrecon dit ion er) ;
174 solver.set(OgesParameters::THEtolerance,max(1.e-8,REAL_EPSILON*10 .));
175 }
176
177 // assign the rhs: u=exact on the boundary
178 Index I1,I2,I3, Ia1,Ia2,Ia3;
179 int side,axis;
180 Index Ib1,Ib2,Ib3;
181 for( grid=0; grid<cg.numberOfComponentGrids(); grid++ )
182 {
183 MappedGrid & mg = cg[grid];
184 getIndex(mg.indexRange(),I1,I2,I3);
185
186 f[grid](I1,I2,I3,0)=a1*(exact.xx(mg,I1,I2,I3,0)+exact.yy(mg,I 1,I2,I3,0))+a2*exa ct. x(mg,I 1,I 2,I 3,1 );
187 f[grid](I1,I2,I3,1)=a3*(exact.xx(mg,I1,I2,I3,1)+exact.yy(mg,I 1,I2,I3,1))+a4*exa ct. y(mg,I 1,I 2,I 3,0 );
188 if( cg.numberOfDimensions()==3 )
189 {
190 f[grid](I1,I2,I3,0)+=a1*exact.zz(mg,I1,I2,I3,0);
191 f[grid](I1,I2,I3,1)+=a3*exact.zz(mg,I1,I2,I3,1);
192 }
193
194 ForBoundary(side,axis)
195 {
196 if( mg.boundaryCondition()(side,axis) > 0 )
197 {
198 getBoundaryIndex(mg.gridIndexRange(),side,axis,Ib1,Ib2,Ib3);
199 f[grid](Ib1,Ib2,Ib3,0)=exact(mg,Ib1,Ib2,Ib3,0);
200 f[grid](Ib1,Ib2,Ib3,1)=exact(mg,Ib1,Ib2,Ib3,1);
201 }
202 }
203 }
204
205 u=0.; // for interative solvers.
206 real time0=getCPU();
207 solver.solve( u,f ); // solve the equations
208
209 printf("residual=%8.2e, time for solve = %8.2e (iterations=%i)\n",
210 solver.getMaximumResidual(),getCPU()-time0,solver.getNumberOfIt erations());
211
212 // u.display("Here is the solution to u.xx+u.yy=f");
213 for( int n=0; n<numberOfComponents; n++ )
214 {
215 real error=0.;
216 for( grid=0; grid<cg.numberOfComponentGrids(); grid++ )
217 {
218 getIndex(cg[grid].indexRange(),I1,I2,I3);
219 realArray err = (u[grid](I1,I2,I3,n)-exact(cg[grid],I1,I2,I3,n))/max(abs(ex act(cg[grid],I1,I2,I 3,n ))) ;
220 where( cg[grid].mask()(I1,I2,I3)!=0 )
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221 {
222 error=max(error,max(abs(err)));
223 }
224 if( Oges::debug & 4 )
225 abs(u[grid](I1,I2,I3,n)-exact(cg[grid],I1,I2,I3,n)).display( "abs(error)");
226 }
227 printf("Maximum relative error in component %i with dirichlet bc’s= %e\n",n,error);
228 worstError=max(worstError,error);
229 }
230
231 } // end loop over grids
232 printf("\n\n ******************************************************************* ************ *** *** *** *** *** **\ n") ;
233 if( worstError > .025 )
234 printf(" ************** Warning, there is a large error somewhere, worst error =%e ******************\n",
235 worstError);
236 else
237 printf(" ************** Test apparently successful, worst error =%e ******************\n",worstError);
238 printf(" ******************************************************************* ********** *** *** *** *** *** *** *** \n\ n") ;
239
240 Overture::finish();
241 return(0);
242 }
243

5.5 SolvingPoisson’s equation to fourth-order accuracy

The file Overture/examples/tcmOrder4.C shows how to solve an elliptic problemto fourth-orderaccuracy. In this
caseweusetwo ghostlines(reallyonly neededfor Neumannboundaryconditions).Weneedto tell theoperatorsto usefourth
orderandwe needto build the coefficient matrix using2 ghostlines. In orderto extrapolatethe secondghostline we usea
BoundaryConditionParameters object. The orderof extrapolationwill be set to the orderof accuracy plus one,by
default. Thisexamplewill only work with version15or later.

5.6 Multiplying a grid function or array timesa coefficientmatrix

Supposeonewantsto form thevariablecoefficient operatorsuchas

. 
À�
�
� � � �

�
� �

In orderto multiply agrid function(or arrayof thecorrectshape)timesacoefficientmatrixonecanusethemultiply function
asillustratedin thenext example

MappedGrid mg(...);
Range all;
MappedGridOperators op(mg);
realMappedGridFunction coeff(mg,9,all,all,all);
...

Index I1,I2,I3;
getIndex(mg.dimension,I1,I2,I3); // define Index’s for the entire grid
// form the operator x d/dx + y d/dy

RealArray x,y;
x=mg.vertex(I1,I2,I3,0); // make a copy since we cannot pass a view to multiply
y=mg.vertex(I1,I2,I3,1);
coeff= multiply(x,op.xCoefficients()) + multiply(y,op.yCoefficents());

One cannotusethe normal multiplication operator, / , becausethe array operationswould not be conformable. Sincethe
multiply reshapesit’s first argumentin orderto multiply it timesthesecondargumentonecannot passa view of an array
asthe first argumentof the multiply function. Passingaview will resultin anA++ errror.

A multiply function is alsodefinedfor multiplying a scalarrealCompositeGridFunction timesa realCom-
positeGridFunction coefficient matrix.
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5.7 SparseRep:Definea StorageFormat for a SparseMatrix

Thissectionis primarily for theuseof peoplewhoarewriting new Operatorclasses.Normalbeingsmaynotwantto readthis.
TheclassSparseRepForMGF definesthesparserepresentationfor coefficient-matrixMappedGridFunction.A coefficient

matrixcontainsapointerto aSparseRepForMGF . Thisobjectholdsall theinformationthatdefineshow thestencilis stored
in thefirst component.Forexamplethisobjectwill know thatthevaluecoeff(m,i1,i2,i3) is thecoefficientthatmultiples
thegrid functionvalueat thepoint (i1’,i2’,i3’) . To save this informationin a compactform, eachpoint on thegrid is
givenanequationnumber, (storedin the intMappedGridFunction equationNumber ), so that insteadof saving the
threenumbers(i1’,i2’,i3’) only asingleequationNumberneedbesaved.

The SparseRepForMGF objectalsocontainsan intMappedGridFunction classify . The classify array
holdsa valuefor eachpoint on thegrid to indicatethekind of equation(interior , boundary , extrapolation , in-
terpolation ...) that is beingappliedat that point. This informationcanbe usedby a sparsesolver (suchasOges) to
automaticallyzeroout theright-hand-sidefor certainequations,suchasextrapolation.

Hereis how SparseRep is usedby thegrid functionclasses.
If we have a realMappedGridFunction coeff or a realCompositeGridFunction coeff thenthe state-

ment

coeff.setIsACoefficientMatrix(TRUE);

will causea SparseRep objectto becreated(andcoeff will keepa pointerto it). TheSparseRep objectwill beinitialized
with a call to SparseRep::updateToMatchGrid . This will give initial valuesto theclassify andequationNum-
ber arraysassumingastandardstencil.

Whencoeff is filled in with valuesfor theinteriorwith astatementlike

coeff=op.laplacianCoefficients();

thennormallythedefault valuesfor theclassify andequationNumber arrayswill becorrect.
However, whentheboundaryconditionsarefilled in with astatmentlike

coeff.applyBoundaryConditionCoefficinets(0,neumann,...);

then the default valuesfor the classify andequationNumber arrayswill have to be changed.(On a vertex grid the
neumannboundaryconditionis theequationfor theghost-linebut it is centredon theboundaryandthusthedefault equation
numbersarewrong.)For someexampleslook at theimplementationof theapplyBoundaryConditionCoefficients
in thefile BoundaryOperators.C .

If coeff is a realMappedGridFunction thenthestatement

coeff.finishBoundaryConditions();

will addextrapolationequationsat cornersandinsertequationsfor periodicboundaryconditions.
If coeff is a realCompositeGridFunction thenthestatement

coeff.finishBoundaryConditions();

will call coeff[grid].finishBoundaryConditions() for eachcomponentgrid functionandin additionit will add
in theinterpolationequationsto coeff .

5.7.1 Public enumerators

Herearethepublicenumerators:

classifyTypes: This enumeratorcontainsa list of classify types.. Any non-negative value indicatesa usedpoint. Negative
valuesareequationswith zerofor therhs

enum classifyTypes
{

interior=1,
boundary=2,
ghost1=3,
ghost2=4,
ghost3=5,
ghost4=6,
interpolation=-1,
periodic=-2,
extrapolation=-3,
unused=0

};
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5.7.2 Constructors

SparseRepForMGF()

5.7.3 indexToEquation

int
indexToEquation( int n, int i1, int i2, int i3)

Description: Returntheequationnumberfor givenindices

n (input): componentnumber( n=0,1,..,numberOfComponents-1)

i1,i2,i3 (input): grid indices

Return value: Theequationnumber.

5.7.4 setCoefficientIndex

int
setCoefficientIndex(constint & m,

constint & na, constIndex & I1a, constIndex & I2a, constIndex & I3a,
constint & nb, constIndex & I1b, constIndex & I2b, constIndex & I3b)

Description: Assign row and column numbersto entriesin a sparsematrix. Rows and columnsin the sparsematrix are
numberedaccordingto the valuesof (n,I1,I2,I3) wheren is the componentnumberand (I1,I2,I3) are the coordinate
indicieson the grid. The componentnumbern runs from 0 to the numberOfComponentsForCoefficientsand is used
whensolvingasystemof equations.

m (input): assignrow/columnvaluesfor them’th entryin thesparsematrix

na,I1a,I2a,I3a(input): definestherow(s)

Nb,I1b,I2b,I3b (input): definesthecolumn(s)

5.7.5 setCoefficientIndex

int
setCoefficientIndex(constint & m,

constint & na, constIndex & I1a, constIndex & I2a, constIndex & I3a,
constint & equationNumber0)

Description: Assignrow andcolumnnumbersto entriesin a sparsematrix. This routine is normally only usedfor assign
equationnumberson CompositeGrid’s whentheequationNumberbelongsto a point on a differentMappedGrid.Rows
andcolumnsin thesparsematrix arenumberedaccordingto thevaluesof (n,I1,I2,I3)wheren is thecomponentnumber
and(I1,I2,I3) arethe coordinateindicieson the grid. The componentnumbern runsfrom 0 to the numberOfCompo-
nentsForCoefficientsandis usedwhensolvingasystemof equations.

m (input): assignrow/columnvaluesfor them’th entryin thesparsematrix

na,I1a,I2a,I3a(input): definestherow(s)

equationNumber (input): definesanequationnumber

5.7.6 sizeOf

real
sizeOf(FILE *file = NULL) const

Description: Returnnumberof bytesallocatedby thisobject;optionallyprint detailedinfo to afile

file (input) : optinally supplyafile to write detailedinfo to. Choosefile=stdoutto write to standardoutput.

Return value: thenumberof bytes.
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5.7.7 updateToMatchGrid

int
updateT� oMatchGrid(MappedGrid & mg,

int stencilSize0= unchanged,
int numberOfGhostLines0= unchanged,
int numberOfComponents0= unchanged,
int offset0= unchanged)

Description: Initialize the equationNumberandclassifyarrays.The equationnumberarrayis initialized accordingto value
of stencilSize.Thestencilwidth will bechosento bepow(stencilSize,1/d)whered is thenumberof spacedimensions.
Thus


 If \109x stencilSize ~3210 (d=spacedimension)thenthestencilis assumedto bea standard\10 stencilandthefirst\10 entriesareinitialized in thestandardform. Any excessentriesaregivenanequationnumberof 0 (unused).
 If 210¾x stencilSize ~54-0 thenthestencilis assumedto beastandard210 setncilandinitializedin thestandardform.
Any excessentriesaregivenanequationnumberof 0 (unused).
 etc.
 If stencilSizeis lessthan \10 thenequationNumberarrayis setto zero.

mg (input): updateto matchthis grid.

stencilSize0(input): maximumsizefor thestencil(for eachcomponent).By default (i.e. if no valueis specifiedthenstencil-
Size0remainsunchangedfrom its currentvalue.(It is initially setto 9).

numberOfComponents0(input): numberof components.By default (i.e. if no value is specifiedthennumberOfCompo-
nents0remainsunchangedfrom its currentvalue.(It is initially setto 1).

offset0(input): offsetequationnumbersby thisamount.By default(i.e. if novalueisspecifiedthenoffset0remainsunchanged
from its currentvalue.(It is initially setto 0).

5.7.8 setParameters

void
setParameters(int stencilSize0= unchanged,

int numberOfGhostLines0= unchanged,
int numberOfComponents0= unchanged,
int offset0= unchanged)

Description: Setvariousparameters.Usethisroutineif youwantto setthepropertiesof theSparseRepobjectbeforeyouhave
aMappedGrid.Youmustcall updateToMatchGridfor thesevaluesto takeeffect.

stencilSize0(input): maximumsizefor thestencil(for eachcomponent).By default (i.e. if no valueis specifiedthenstencil-
Size0remainsunchangedfrom its currentvalue.(It is initially setto 9).

numberOfComponents0(input): numberof components.By default (i.e. if no value is specifiedthennumberOfCompo-
nents0remainsunchangedfrom its currentvalue.(It is initially setto 1).

offset0(input): offsetequationnumbersby thisamount.By default(i.e. if novalueisspecifiedthenoffset0remainsunchanged
from its currentvalue.(It is initially setto 0).

5.7.9 setClassify

int
setClassify(constclassifyTypes& type,

constIndex & I1, constIndex & I2, constIndex & I3, constIndex & N )

Description: Specifytheclassificationfor asetof Index values
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5.7.10 equationToIndex

int
equationT6 oIndex( constint eqnNo,int & n, int & i1, int & i2, int & i3 )

Description: Convert anEquationNumberto apointonagrid (Inverseof indexToEquation)

eqnNo0(input): equationnumber

n (output): componentnumber( n=0,1,..,numberOfComponents-1)

i1,i2,i3 (output): grid indices

5.7.11 fixUpClassify

int
fixUpClassify(realMappedGridFunction & coeff )

Description: Fixupup theclassifyarrayto take into accountthemaskarrayandperiodicity

coeff (input): Thecoefficientmatrix

64



6 Fourier Operators

6.1 General Inf o

Usethisclassto performvariousoperationson theFouriertransformof a realvaluedfunctionsuchas


 forwardandreversetransforms


 derivativesandintegralsin fourier space

This classcanbeusedto implement(pseudo)spectralappoximationsto PDEs.TheOvertureclassMappedGridOperators
usesthisclassto computespectralderivatives.

Thefourier transformis representedasa realtransform(sine-cosine).
By default the elementsof the arraysthat we operateon areu(0:nx-1,0:ny-1,0:nz-1,C)where ò is a Rangethat species

which componentsto operateon. (Thearraydimensionscanbedifferentfrom 0:nx-1,etc.). This canbechangedto theform[ 187¾<�797 � 797 \ 7 ò 3
where

7¾<
haslength

z � ,
7 �

haslength
z � and

7 \ haslength
z 	 .

In practiceyou maykeepa duplicatepoint in thearray. You maydeclareanarrayto beu(0:nx,0:ny,0:nz)whereu(0,all,all)
== u(nx,all,all)Theseroutinesonly changethevaluesu(0:nx-1,0:ny-1,0:nz-1,C).

6.2 Constructors

FourierOperators(const int & numberOfDimensions ,
constint & nx ,
constint & ny =1,
constint & nz =1)

Description: Definethenumberof spacedimensionsandthenumberof grid points.

numberOfDimensions : Thenumberof spacedimensions(1,2,or 3)

nx , ny , nz : Thenumberof grid points(minusone)in eachdimension(nx,ny,nz shouldbea power of two or a productof
smallprimesfor efficiency).

Author: WDH

6.3 fourierLaplacian

void
fourierLaplacian(const RealDistributedArray & uHat,

RealDistributedArray & uLaplacianHat,
constint & power =1,
constRange& Components0=nullRange)

Description: Apply theLaplacianoperator(or powersof theLaplacianoperator)in fourier space.Thepower canbepositive
or negative.

uHat (input) : thefourier transform

uLaplacianHat (output) : uHatmultipliedby ”
Ø V¾1 ß R� � ß R� � ß R�ô3 Ù(:�;=<�>=?

”. Notethatthemean(i.e. theconstantmode)is setto
zeroin all cases.

power (input): Thepowerof theoperatorto apply.

Components0(input) : optionalcomponentsto operateon (default is all components)

Author: WDH
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6.4 fourierDeri vative

void
fourierDeri6 vative(constRealDistributedArray & uHat,

RealDistributedArray & uHatDerivative,
constint & xDerivative =1,
constint & yDerivative =0,
constint & zDerivative =0,
constRange& Components0=nullRange)

Description: Computeaderivative in Fourierspace.Theorderof thederivative canbebepositive or negative.

uHat (input) : thefourier transform

uHatDerivative (output) : Thederivative in fourier space.

xDerivative (input): Theorderof thex-derivative

yDerivative (input): Theorderof they-derivative

zDerivative (input): Theorderof thez-derivative

Components0(input) : optionalcomponentsto operateon (default is all components)

Author: WDH

6.5 fourierToReal

void
fourierToReal(constRealDistributedArray & uHat,

RealDistributedArray & u,
constRange& Components0=nullRange)

Description: Performa transformfrom fourier spaceto realspace(backwardtransform)

uHat (input) : thefourier transform

u (output) : Thearrayto beassignedthebackwardfourier transform.

Components0(input) : optionalcomponentsto operateon (default is all components)

Author: WDH

6.6 realToFourier

void
realToFourier(const RealDistributedArray & u,

RealDistributedArray & uHat,
constRange& Components0=nullRange)

Description: Realspaceto fourier space(forwardtransform)

u (input) : Thearrayto fourier transform.

uHat (output) : thefourier transform

Components0(input) : optionalcomponentsto operateon (default is all components)

Author: WDH
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6.7 setDefaultRanges

void
setDefaultRanges(const� Range& R1 ,

constRange& R2 =nullRange,
constRange& R3 =nullRange)

Description: ChangetheRangesover which thetransformsareperformed.This mayalsochangethenumberof points. The
operationswill thenbeappliedto u(R1 ,R2 ,R3 ,C)

R1 ,R2 ,R3 : new ranges

6.8 setDimensions

void
setDimensions(constint & numberOfDimensions ,

constint & nx ,
constint & ny =1,
constint & nz =1)

Description: Definethenumberof spacedimensionsandthenumberof grid points.

numberOfDimensions : Thenumberof spacedimensions(1,2,or 3)

nx , ny , nz : Thenumberof grid points(minusone)in eachdimension(nx,ny,nz shouldbea power of two or a productof
smallprimesfor efficiency).

Author: WDH

6.9 setPeriod

void
setPeriod(constreal& xPeriod ,

constreal& yPeriod = twoPi,
constreal& zPeriod = twoPi)

Description: Settheperiod,default is 2*pi.

xPeriod , yPeriod , zPeriod (input) : Thelengthof theperiodicinterval in eachdirection

Author: WDH

6.10 transform

void
transform(const int & forwardOrBackward,

constRealDistributedArray & u,
RealDistributedArray & uHat,
constRange& Components0)

Description: Performaforwardor backwardfourier transform.(This routineis calledby realToFourier andfourier-
ToReal .

forwardOrBackward (input): 0=forward,1=backward

u (input) : Thearrayto fourier transform.

uHat (output) : thefourier transform

Components0(input) : optionalcomponentsto operateon (default is all components)

Author: WDH
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6.11 Examples

6.11.1 ExampleusingA++ arrays

Hereis anexamplecodedemonstratingtheuseof this classwith A++ arrays(file Overture/examplesps.C )

1 #include "FourierOperators.h"
2 //================================================================= ========
3 // Test out the FourierOperators Class
4 //================================================================= ========
5
6 // define a function and derivatives
7 #define U(x,y) sin(px*x)*cos(py*y)
8
9 #define UX(x,y) px*cos(px*x)*cos(py*y)

10 #define UY(x,y) -py*sin(px*x)*sin(py*y)
11 #define U_LAPLACIAN(x,y) -(px*px+py*py)*sin(px*x)*cos(py*y)
12 #define U_INVERSE_LAPLACIAN(x,y) sin(px*x)*cos(py*y)*(-1./(px*px+py*py))
13
14 #define X(i) xPeriod*i/nx
15 #define Y(j) yPeriod*j/ny
16
17 int
18 main(int argc, char *argv[])
19 {
20 Overture::start(argc,argv); // initialize Overture
21
22 int nd=8,nx=8,ny=8;
23 realArray u(nd,nd),uHat(nd,nd),u2(nd,nd),uHatX(nd,nd),ux(nd,nd);
24 realArray x(nd,nd),y(nd,nd);
25 Range R1(0,nx-1),R2(0,ny-1);
26
27 // x is periodic with period xPeriod, y is periodic with period yPeriod
28 real xPeriod=1., yPeriod=2., px=twoPi/xPeriod, py=twoPi/yPeriod;
29 // assign values to x,y, and u
30 int i,j;
31 for( j=0; j<ny; j++ )
32 for( i=0; i<nx; i++ )
33 {
34 x(i,j)=X(i);
35 y(i,j)=Y(j);
36 }
37 u(R1,R2)=U(x(R1,R2),y(R1,R2));
38
39 int numberOfDimensions=2;
40 FourierOperators fourier(numberOfDimensions,nx,ny);
41 fourier.setPeriod(xPeriod,yPeriod);
42
43 u.display("Here is u");
44 fourier.realToFourier( u,uHat );
45 uHat.display("Here is uHat");
46 fourier.fourierToReal( uHat,u2 );
47
48 real maxError=max(fabs(u2-U(x,y)));
49 cout << "Maximum error in Fˆ-1(Fu) = " << maxError << endl;
50 // u2.display("Here is Fˆ-1(Fu back again ");
51
52 fourier.fourierDerivative(uHat,uHatX,1); // x derivative
53 // wHatX.display("Here is wHatX");
54 fourier.fourierToReal( uHatX,ux );
55 maxError=max(fabs(ux-UX(x,y)));
56 cout << "Maximum error in u.x = " << maxError << endl;
57
58 fourier.fourierDerivative(uHat,uHatX,0,1); // y derivative
59 fourier.fourierToReal( uHatX,ux );
60 maxError=max(fabs(ux-UY(x,y)));
61 cout << "Maximum error in u.y = " << maxError << endl;
62
63 fourier.fourierLaplacian(uHat,uHatX,1); // xx+yy derivative
64 fourier.fourierToReal( uHatX,ux );
65 maxError=max(fabs(ux-U_LAPLACIAN(x,y)));
66 cout << "Maximum error in u.xx+u.yy = " << maxError << endl;
67
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68 fourier.fourierLaplacian(uHat,uHatX,-1); // (xx+yy)ˆ-1 operator
69 fourier.fourierToReal( uHatX,ux );
70 maxError=max(fabs(ux-U_INVERSE_LAPLACIAN(x,y)));
71 cout << "Maximum error in inverse laplacian = " << maxError << endl;
72
73 Overture::finish();
74 return 0;
75 }

6.11.2 ExampleusingmappedGridFunctionsand MappedGridOperators

Here is an examplecodedemonstratingthe useof the MappedGridOperatorsto computepseudo-spectralderivatives. The
MappedGridOperators contain a pointer to a FourierOperators object which can be obtainedwith the get-
FourierOperators() memberfunction. You may want to accessthis pointer in order to write moreefficient codeor
to accesstheextra functionalitythatis foundin theFourierOperators class.

(file Overture/examplestestSpectral.C )

1 #include "Overture.h"
2 #include "OGTrigFunction.h" // Trigonometric function
3 #include "MappedGridOperators.h"
4 #include "LineMapping.h"
5 #include "Square.h"
6 #include "BoxMapping.h"
7 #include "NameList.h"
8 #include "FourierOperators.h"
9

10 //================================================================= ============= ==
11 // Test out the MappedGridOperators pseudo-spectral derivatives
12 //================================================================= ============= ==
13 int
14 main(int argc, char *argv[])
15 {
16 Overture::start(argc,argv); // initialize Overture
17
18 int debug=0, numberOfDimensions=2;
19
20 int nx[3] = { 8,8,1}; // number of grid points (minus 1) in each direction
21 // frequencies for exact solution, cos(fx[0]*pi*x)*cos(fx[1]*pi*y)*cos(fx[2]*pi*z)
22 int fx[3] = { 2,2,0 };
23 real period[3] = {1.,1.,1.};
24
25 NameList nl; // The NameList object allows one to read in values by name
26 aString name(80),answer(80);
27 printf(
28 " Parameters for Example 3: \n"
29 " ------------------------- \n"
30 " name type default \n"
31 "numberOfDimensions (nd=) (assign first) (int) %i \n"
32 "nx,ny,nx (int) %i %i %i \n"
33 "fx,fy,fz (fx*xPeriod=even) (int) %i %i %i \n"
34 "xPeriod,yPeriod,zPeriod (real) %e %e %e \n",
35 numberOfDimensions,nx[0],nx[1],nx[2],fx[0],fx[1],fx[2],period[0],pe riod[1],peri od[ 2]) ;
36
37 // ==========Loop for changing parameters========================
38 for( ;; )
39 {
40 cout << "Enter changes to variables, exit to continue" << endl;
41 cin >> answer;
42 if( answer=="exit" ) break;
43 nl.getVariableName( answer, name ); // parse the answer
44 if( name== "numberOfDimensions" || name=="nd" )
45 {
46 numberOfDimensions=nl.intValue(answer);
47 if( numberOfDimensions==1 )
48 {
49 nx[1]=nx[2]=1; fx[1]=fx[2]=0;
50 }
51 else if( numberOfDimensions==2 )
52 {
53 nx[1]=8, nx[2]=1; fx[1]=2, fx[2]=0;
54 }
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55 else
56 {
57 nx[1]=8, nx[2]=8; fx[1]=2, fx[2]=2;
58 }
59 }
60 else if( name== "nx" )
61 nx[0]=nl.realValue(answer);
62 else if( name== "ny" )
63 nx[1]=nl.realValue(answer);
64 else if( name== "nz" )
65 nx[2]=nl.realValue(answer);
66 else if( name== "fx" )
67 fx[0]=nl.realValue(answer);
68 else if( name== "fy" )
69 fx[1]=nl.realValue(answer);
70 else if( name== "fz" )
71 fx[2]=nl.realValue(answer);
72 else if( name== "xPeriod" )
73 period[0]=nl.realValue(answer);
74 else if( name== "yPeriod" )
75 period[1]=nl.realValue(answer);
76 else if( name== "zPeriod" )
77 period[2]=nl.realValue(answer);
78 else
79 cout << "unknown response: [" << name << "]" << endl;
80 }
81
82 LineMapping line;
83 SquareMapping square(0.,period[0],0.,period[1]); // Make a mapping, unit square
84 BoxMapping box(0.,period[0],0.,period[1],0.,period[2]);;
85 // choose a line, square or box depending on the number of dimensions
86 Mapping & map = numberOfDimensions==1 ? (Mapping&)line :
87 ( numberOfDimensions==2 ? (Mapping&)square : (Mapping&)box );
88
89 for( int axis=0; axis<numberOfDimensions; axis++ )
90 {
91 map.setGridDimensions(axis,nx[axis]+1); // number of grid points
92 map.setIsPeriodic(axis,Mapping::functionPeriodic);
93 }
94 MappedGrid mg(map); // MappedGrid for a square
95 mg.update();
96
97 Range all;
98 realMappedGridFunction u(mg);
99

100 MappedGridOperators op(mg); // define some differential operators
101 u.setOperators(op); // Tell u which operators to use
102 // ---- compute all derivatives with the pseudo-spectral method ----
103 u.getOperators()->setOrderOfAccuracy(MappedGridOperators::spectr al);
104
105 OGTrigFunction true(fx[0],fx[1],fx[2]); // create an exact solution (Twilight-Zone solution)
106
107 real error;
108 int n=0; // only test first component
109
110 Index I1,I2,I3,N;
111 getIndex(mg.dimension(),I1,I2,I3); // assign I1,I2,I3, all grid points including ghost
112 u(I1,I2,I3)=true(mg,I1,I2,I3,n,0.); // assign true solution
113
114 error = max(fabs(u.x()(I1,I2,I3)-true.x(mg,I1,I2,I3,n)));
115 cout << "u.x : Maximum error (spectral) = " << error << endl;
116 if( debug & 4 )
117 {
118 fabs( u.x()(I1,I2,I3)-true.x(mg,I1,I2,I3,n)).display("Error in u.x");
119 true.x(mg,I1,I2,I3,n).display(" true u.x");
120 u.x()(I1,I2,I3).display("computed u.x");
121 true(mg,I1,I2,I3,n).display(" true u");
122 u(I1,I2,I3).display("discrete u");
123 }
124
125 error = max(fabs(u.y()(I1,I2,I3)-true.y(mg,I1,I2,I3,n)));
126 cout << "u.y : Maximum error (spectral) = " << error << endl;
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127 if( debug & 4 )
128 {
129 fabs(u.y()(I1,I2,I3)-true.y(mg,I1,I2,I3,n)).display("Error in u.y");
130 u.y()(I1,I2,I3).display("u.y");
131 true.y(mg,I1,I2,I3,n).display("true.y");
132 }
133
134 error = max(fabs(u.xx()(I1,I2,I3)-true.xx(mg,I1,I2,I3,n)));
135 cout << "u.xx : Maximum error (spectral) = " << error << endl;
136
137 error = max(fabs(u.xy()(I1,I2,I3)-true.xy(mg,I1,I2,I3,n)));
138 cout << "u.xy : Maximum error (spectral) = " << error << endl;
139
140 error = max(fabs(u.yy()(I1,I2,I3)-true.yy(mg,I1,I2,I3,n)));
141 cout << "u.yy : Maximum error (spectral) = " << error << endl;
142
143 error = max(fabs(u.laplacian()(I1,I2,I3)-(true.xx(mg,I1,I2,I3,n)+t rue.yy(mg,I1,I2,I3,n )
144 +true.zz(mg,I1,I2,I3,n))));
145 cout << "u.laplacian : Maximum error (spectral) = " << error << endl;
146
147 error = max(fabs(u.z()(I1,I2,I3)-true.z(mg,I1,I2,I3,n)));
148 cout << "u.z : Maximum error (spectral) = " << error << endl;
149
150 error = max(fabs(u.xz()(I1,I2,I3)-true.xz(mg,I1,I2,I3,n)));
151 cout << "u.xz : Maximum error (spectral) = " << error << endl;
152
153 error = max(fabs(u.yz()(I1,I2,I3)-true.yz(mg,I1,I2,I3,n)));
154 cout << "u.yz : Maximum error (spectral) = " << error << endl;
155
156 error = max(fabs(u.zz()(I1,I2,I3)-true.zz(mg,I1,I2,I3,n)));
157 cout << "u.zz : Maximum error (spectral) = " << error << endl;
158
159 // ******************************************************************* *********** ** *
160 // Now get the FourierOperators (this must be done only after at least one
161 // derivative has been computed)
162 // ******************************************************************* *********** ** *
163 FourierOperators & fourier = *op.getFourierOperators();
164
165 // compute the transform directly
166 realMappedGridFunction uHat(mg);
167 fourier.realToFourier( u,uHat );
168 uHat.display("Here is uHat");
169
170
171 Overture::finish();
172 cout << "Program Terminated Normally! \n";
173 return 0;
174 }
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